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Abstract
We propose a general procedure to construct noncommutative deformations of an algebraic
submanifold M of Rn, specializing the procedure [G. Fiore, T. Weber, Twisted submanifolds
of Rn, arXiv:2003.03854] valid for smooth submanifolds. We use the framework of twisted
differential geometry of [Aschieri et al., Class. Quantum Gravity 23 (2006), 1883], whereby
the commutative pointwise product is replaced by the ?-product determined by a Drinfel’d
twist. We actually simultaneously construct noncommutative deformations of all the algebraic
submanifolds Mc that are level sets of the f
a(x), where fa(x) = 0 are the polynomial equations
solved by the points of M , employing twists based on the Lie algebra Ξt of vector fields that
are tangent to all the Mc. The twisted Cartan calculus is automatically equivariant under
twisted Ξt. If we endow Rn with a metric, then twisting and projecting to normal or tangent
components commute, projecting the Levi-Civita connection to the twisted M is consistent,
and in particular a twisted Gauss theorem holds, provided the twist is based on Killing vector
fields. Twisted algebraic quadrics can be characterized in terms of generators and ?-polynomial
relations. We explicitly work out deformations based on abelian or Jordanian twists of all
quadrics in R3 except ellipsoids, in particular twisted cylinders embedded in twisted Euclidean
R3 and twisted hyperboloids embedded in twisted Minkowski R3 [the latter are twisted
(anti-)de Sitter spaces dS2, AdS2].
∗gaetano.fiore@unina.it, gaetano.fiore@na.infn.it
†davide.franco@unina.it
‡thomas.weber@unina.it
1
ar
X
iv
:2
00
5.
03
50
9v
1 
 [m
ath
-p
h]
  6
 M
ay
 20
20
Contents
1 Introduction 3
2 Preliminaries 7
2.1 Hopf algebras and their representations . . . . . . . . . . . . . . . . . . . . . . 7
2.1.1 Hopf algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.1.2 Hopf algebra modules . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
2.1.3 Drinfel’d twist deformation . . . . . . . . . . . . . . . . . . . . . . . . . 9
2.2 Twisted differential geometry . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
2.2.1 Twisted tensor fields . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
2.2.2 Twisted covariant derivatives and metrics . . . . . . . . . . . . . . . . . 13
2.3 Twisted smooth submanifolds of Rn . . . . . . . . . . . . . . . . . . . . . . . . 15
2.3.1 Twist deformation of tangent and normal vector fields . . . . . . . . . . 15
2.3.2 Decompositions in bases of Ω?,Ξ? . . . . . . . . . . . . . . . . . . . . . 17
3 Twisted algebraic submanifolds of Rn 19
3.1 General features . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
3.2 Algebraic submanifolds of Rn of codimension 1: the quadrics . . . . . . . . . . 20
3.2.1 Twisted differential calculus on Rn in terms of generators and relations 21
3.2.2 Twisted differential calculus on a quadric by generators and relations . 23
4 The quadrics in R3 26
4.1 (a) Family of parabolic cylinders: a2 =a3 =a01 =a02 =0 . . . . . . . . . . . . . . 26
4.2 (b) Family of elliptic paraboloids: a2 > 0, a3 = 0, a03 < 0 . . . . . . . . . . . . 27
4.3 (c) Family of elliptic cylinders: a2> 0, a3 =a0i=0, a00<0 . . . . . . . . . . . . 30
4.3.1 Circular cylinders embedded in Euclidean R3 . . . . . . . . . . . . . . . 31
4.4 (d) Family of hyperbolic paraboloids: a2, a03 < 0, a3 = 0 . . . . . . . . . . . . . 32
4.5 (e) Family of hyperbolic cylinders: a2< 0, a3 =a0µ=0 . . . . . . . . . . . . . . 34
4.6 (f-g-h) Family of hyperboloids and cone: a2,−a3 > 0 . . . . . . . . . . . . . . . 35
4.6.1 Circular hyperboloids and cone embedded in Minkowski R3 . . . . . . . 37
4.6.2 Additional twist deformation of the cone (h) . . . . . . . . . . . . . . . 39
A Real Nullstellensatz 40
B Proofs of sections 2, 3, 4 42
B.1 Proof of Proposition 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
B.2 Proof of Proposition 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
B.3 (a) Family of parabolic cylinders . . . . . . . . . . . . . . . . . . . . . . . . . . 43
B.4 (b) Family of elliptic paraboloids . . . . . . . . . . . . . . . . . . . . . . . . . . 44
B.5 (c) Family of elliptic cylinders . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
B.6 (d) Family of hyperbolic paraboloids . . . . . . . . . . . . . . . . . . . . . . . . 45
B.7 (d-e-f) Elliptic cone and hyperboloids . . . . . . . . . . . . . . . . . . . . . . . 47
B.7.1 Proof of Proposition 17 in [31], see section4.6 . . . . . . . . . . . . . . . 47
B.7.2 Metric and principal curvatures on the circular hyperboloids and cone . 50
B.7.3 Proof of Proposition 10 . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
2
1 Introduction
The concept of a submanifold N of a manifold M plays a fundamental role in mathematics
and physics. A metric, connection, ..., on M uniquely induces a metric, connection, ..., on N .
Algebraic submanifolds of affine spaces such as Rn or Cn are paramount for their simplicity
and their special properties. In the last few decades the program of generalizing differential
geometry into so-called Noncommutative Geometry (NCG) has made a remarkable progress
[11, 39, 40, 41, 33]; NCG might provide a suitable framework for a theory of quantum spacetime
allowing the quantization of gravity (see e.g. [16, 1]) or for unifying fundamental interactions
(see e.g. [12, 9]). Surprisingly, the question whether, and to what extent, a notion of a sub-
manifold is possible in NCG has received little systematic attention (rather isolated exceptions
are e.g. Ref. [43, 51, 14, 46]). On several noncommutative (NC) spaces one can make sense of
special classes of NC submanifolds, but some aspects of the latter may depart from their com-
mutative counterparts. For instance, from the SOq(n)-equivariant noncommutative algebra
“of functions on the quantum Euclidean space Rnq ”, which is generated by n non-commuting
coordinates xi, one can obtain the one A on the quantum Euclidean sphere Sn−1q by imposing
that the [central and SOq(n)-invariant] “square distance from the origin” r
2 = xixi be 1. But
the SOq(n)-equivariant differential calculus on A (i.e. the corresponding A-bimodule Ω of
1-forms) remains of dimension n instead of n − 1; the 1-form dr2 cannot be set to zero, and
actually the graded commutator
[
1
q2−1r
−2dr2, ·
]
acts as the exterior derivative [26, 50, 24, 8].
In [31] the above question is sistematically addressed within the framework of deformation
quantization [6], in the particular approach based on Drinfel’d twisting [17] of Hopf algebras; a
general procedure to construct noncommutative generalizations of smooth submanifolds M ⊂
Rn, of the Cartan calculus, and of (pseudo)Riemannian geometry on M is proposed. In the
present work we proceed studying more in detail algebraic submanifolds M ⊂ Rn, in particular
quadrics, using tools of algebraic geometry. Considering Cn instead of Rn seems viable, too.
Assume that the algebraic submanifold M ⊂ Rn consists of solutions x of the equations
fa(x) = 0, a = 1, 2, ..., k < n, (1)
where f ≡ (f1, ..., fk) : Rn 7→ Rk are polynomial functions fulfilling the irreducibility condi-
tions listed in Proposition 1; in particular, the Jacobian matrix J = ∂f/∂x is of rank k on
some non-empty open subset Df ⊂ Rn, and M more precisely consists of the points of Df
fulfilling (1). One easily shows that Ef := Rn \ Df is empty or of zero measure1. By replacing
in (1) fa(x) 7→ fac (x) := fa(x)−ca, with c ≡ (c1, ..., ck) ∈ f (Df ), we obtain a k-parameter
family of embedded manifolds Mc (M0 = M) of dimension n−k that are level sets of f . Em-
bedded algebraic submanifolds N ⊂M can be obtained by adding more polynomial equations
of the same type to (1). Let X be the ∗-algebra (over C) of polynomial functions P : Rn 7→ C,
restricted to Df . The ∗-algebra XM of complex-valued polynomial functions on M can be
expressed as the quotient of X over the ideal C ⊂ X of polynomial functions vanishing on M :
XM := X/C ≡ { [α] := α+ C | α ∈ X}; (2)
In appendix A, after recalling some basic notions and notation in algebraic geometry, we prove
Proposition 1 Assume that J is of rank k on a non-empty open subset Df ⊂ Rn, so that
the system (1) defines an algebraic submanifold M ⊂ Df of dimension n − k. In addition,
1Let Jα be the k×k submatrices of J , jα their determinants, Eα := {x ∈ Rn | jα(x) = 0}, α = 1, 2, ...,
(
n
k
)
.
Ef =
⋂
α Eα. At least one jα is not identically zero; hence Eα has codimension 1 and zero measure, and so has Ef .
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assume that M is irreducible in Cn; this is the case e.g. if there exists a k-dimensional affine
subspace pi ⊂ Rn meeting M in s :=
k∏
a=1
deg fa points. Then C is the complexification of
the ideal generated by the fa in R[x1, ..., xn], i.e. for all h ∈ C there exist ha ∈ X such that
h(x) =
k∑
a=1
ha(x)fa(x) =
k∑
a=1
fa(x)ha(x). (3)
(In the smooth context, i.e. with fa, h, ha∈C∞(Df ), (3) holds if J is of rank k on Df [31].) XN
is the quotient of XM over the ideal generated by further equations of type (1), or equivalently
of X over the ideal generated by all such equations. Identifying vector fields with derivations
(first order differential operators), we denote as Ξ := {X = Xi∂i | Xi ∈ X} the Lie algebra
of polynomial vector fields X on Df ; here and below we abbreviate ∂i ≡ ∂/∂xi. The X ∈ Ξ
such that X(fa) belong to C for all a, or equivalently such that X(h) belongs to C if h does
(i.e. vanishes when restricted to M) make up a Lie subalgebra (and X -bimodule) ΞC . Those
such that X(h) belongs to C for all h ∈ X make up a smaller Lie subalgebra (and X -bimodule)
ΞCC , which is actually an ideal in ΞC and by (1) decomposes as ΞCC =
⊕k
a=1 f
aΞ. We identify
the Lie algebra ΞM of vector fields tangent to M with that of derivations of XM , namely with
the
ΞM := ΞC/ΞCC ≡
{
[X] := X + ΞCC | X ∈ ΞC
}
. (4)
A general framework for deforming X into a family - depending on a formal parameter ν -
of noncommutative algebras X? over C[[ν]] (the ring of formal power series in ν with coefficients
in C) is Deformation Quantization [6, 38]: as a module over C[[ν]] X? coincides with X [[ν]],
but the commutative pointwise product αβ of α, β ∈ X (C[[ν]]-bilinearly extended to X [[ν]])
is deformed into a possibly noncommutative (but still associative) product,
α ? β = αβ +
∑∞
l=1
νlBl(α, β), (5)
where Bl are suitable bidifferential operators of degree l at most. We wish to deform XM into
a noncommutative algebra XM? in the form of a quotient
XM? := X?/C? ≡
{
[α] := α+ C? | α ∈ X?
}
, (6)
with C? a two-sided ideal of X?, and fulfilling itself XM? = XM [[ν]] as an equality of C[[ν]]-
modules. To this end we require that C? = C[[ν]], i.e. that c ? α, α ? c ∈ C[[ν]] for all α ∈ X ,
c ∈ C, so that (α + c) ? (α′ + c′) − α ? α′ ∈ C[[ν]] for all α, α′ ∈ X [[ν]] and c, c′ ∈ C[[ν]]. As
a result, taking the quotient would commute with deforming the product: (X/C)? = X?/C?.
As argued in [31], these conditions are fulfilled if2, for all α ∈ X , a = 1, .., k,
α ? fa = αfa = fa ? α ⇔ Bl(α, fa) = 0 = Bl(fa, α) ∀l ∈ N (7)
(this implies that the fa are central in X?, again).
In [17] Drinfel’d introduced a general deformation quantization procedure of universal en-
veloping algebras Ug (seen as Hopf algebras) of Lie groups G and of their module algebras,
based on twisting; a twist is a suitable element (a 2-cocycle, see section 2.1.3)
F = 1⊗1+
∞∑
l=1
νl
∑
Il
FIl1 ⊗FIl2 ∈ (Ug⊗ Ug)[[ν]] (8)
2In fact, for all c ≡∑ka=1 faca ∈ C (ca ∈ X ) (7) implies c = ∑ka=1 fa ? ca and, for all α ∈ X , by the associativity
of ?, c ? α = (
∑k
a=1 f
a ? ca) ? α =
∑k
a=1 f
a ? (ca ? α) =
∑k
a=1 f
a(ca ? α) ∈ C[[ν]]; and similarly for α ? c.
It is not sufficient to require that α ? fa−αfa, fa ? α−faα belong to C[[ν]] to obtain the same results.
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(here ⊗ = ⊗C[[ν]], and tensor products are meant completed in the ν-adic topology); F acts
on the tensor product of any two Ug-modules or module algebras, in particular algebras of
functions on any smooth manifolds G acts on, including some symplectic manifolds3 [3]. Given
a generic smooth manifold M , the authors of [1] pick up g ≡ ΞM , the Lie algebra of smooth
vector fields on M (and of the infinite-dimensional Lie group of diffeomorphisms of M), and
the UΞM -module algebra XM = C∞(M); FIl1 ,FIl2 seen as differential operators acting on XM
have order l at most and no zero-order term. The corresponding deformed product reads
α ? β := αβ +
∞∑
l=1
νl
∑
Il
FIl1 (α) FIl2 (β) , (9)
where F ≡ F−1 = 1⊗1+∑∞l=1 νl∑Il FIl1 ⊗FIl2 is the inverse of the twist. In the sequel we
will use Sweedler notation with suppressed summation symbols and abbreviate F = F1⊗F2,
F = F1⊗F2. In the presence of several copies of F we distinguish the summations by writing
F1⊗F2, F ′1⊗F ′2, etc. Actually Ref. [1] twists not only UΞM ,XM into new Hopf algebra
UΞFM and UΞ
F
M -equivariant module algebra XM? , but also the UΞM -equivariant XM -bimodule
of differential forms on M , their tensor powers, the Lie derivative, and the geometry on M
(metric, connection, curvature, torsion,...) - if present -, into deformed counterparts.
Here and in [31], as in [43], we take the algebraic characterization (2), (4) as the starting
point for defining submanifolds in NCG, but use a twist-deformed differential calculus on it.
Our twist is based on the Lie subalgebra g ≡ Ξt ⊂ Ξ defined by
Ξt := {X ∈ Ξ | X(f1) = 0, ..., X(fk) = 0} ⊂ ΞC , (10)
which consists of vector fields tangent to all submanifoldsMc (because they fulfillX(f
a
c ) = 0 for
all c ∈ Rk) at all points; Ξt is a X -bimodule as well. As in [31], we start by noting that, applying
this deformation procedure to the previously defined X with a twist F ∈ UΞt ⊗ UΞt[[ν]],
we satisfy (7) and therefore obtain a deformation X? of X such that for all c ∈ f(Df ) XMc? =
XMc [[ν]] = X?/Cc?; moreover, ΞMc?=ΞMc [[ν]] = ΞCc?/ΞCCc?, see section 2.3.1. In other words,
we obtain a noncommutative deformation, in the sense of deformation quantization and in the
form of quotients as in (2), (4), of the k-parameter family of embedded algebraic manifolds
Mc ⊂ Rn. Actually, for every X ∈ ΞC there is an element in the equivalence class [X] that
belongs to Ξt, namely its tangent projection Xt; hence we can work with the latter. X?,Ξ?, ...
are UΞF -equivariant, while XMc? ,ΞM?,Ξt?, ... are UΞFt -equivariant. If F is unitary or real, then
UΞF and X?,Ξ?, ... admit ∗-structures (involutions) making them a Hopf ∗-algebra and UΞF -
equivariant (Lie) ∗-algebras respectively; thereby UΞFt is a Hopf ∗-subalgebra and XMc? ,Ξt?, ...
are UΞFt -equivariant (Lie) ∗-subalgebras.
The plan of the paper will be as follows.
In section 2 we present preliminary material on: Hopf algebras, their module algebras and
twisting, in section 2.1; its application [1, 2] to the differential geometry on a generic manifold,
in section 2.2; twisting of smooth submanifolds of Rn as developed in [31], in section 2.3.
In section 3 we apply this procedure to algebraic submanifolds M ⊂ Rn. After some
general considerations, in section 3.2 for simplicity we stick to M of codimension 1 such that
there is a Lie subalgebra g (of dimension at least 2) of both Ξt and the Lie algebra aff(n)
of the affine group Aff(Rn) = Rn×GL(n) of Rn; the level sets of equations f(x) = 0 of
3However this quantization procedure does not apply to every Poisson manifold: there are several symplectic
manifolds, e.g. the symplectic 2-sphere and the symplectic Riemann surfaces of genus g > 1, which do not admit
a ?-product induced by a Drinfel’d twist (c.f. [7, 13]). Nevertheless, if one is not taking into account the Poisson
structure, every G-manifold can be quantized via the above approach.
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degree 1 (hyperplanes) or 2 (quadrics) are of this type. Choosing a twist F ∈ Ug ⊗ Ug[[ν]]
we find that the algebra X of polynomial functions (with complex coefficients) in the set of
Cartesian coordinates x1, ..., xn is deformed so that every ?-polynomial of degree k in x equals
an ordinary polynomial of the same degree in x, and viceversa. This implies in particular that
the polynomial relations xixj−xjxi = 0 (whence the commutativity of X ), as well as the ones
(1) defining the ideal C, can be expressed as ?-polynomial relations of the same degree, so that
X?, XM? = X?/C? can be defined globally in terms of generators and polynomial relations, and
moreover the subspaces X˜ q, X˜M q of X , XM = X/C consisting of polynomials of any degree q
in xi coincide as C[[ν]]-modules with their deformed counterparts X˜ q? , X˜M
q
?; in particular this
implies that their dimensions (hence the Hilbert-Poincare´ series of both X and XM) remain
the same under deformation - an important (and often overlooked) property that guarantees
the smoothness of the deformation. The same occurs with the X?-bimodules and algebras Ω•?
of differential forms, that of differential operators, etc. We convey all these informations into
what we name the differential calculus algebras Q•,Q•Mc on Rn,M respectively (generated by
the Cartesian coordinates, their differentials, and a basis of vector fields, subject to appropriate
relations; they are graded by the form degree and filtered by both the degrees in the xi and
in the vector fields), and their deformations Q•?,Q•Mc? (see sections ??, 3.2.1, 3.2.2).
In section 4 we discuss in detail deformations, induced by unitary twists4 of abelian [49]
or Jordanian [47] type, of all families of quadrics surfaces embedded in R3, except ellipsoids.
The deformation of each element of every class is interesting by itself, as a novel example of
a NC manifold. Endowing R3 with the Euclidean (resp. Minkowski) metric gives the circular
cylinders (resp. hyperboloids and cone) a Lie algebra k of isometries of dimension at least 2;
choosing a twist F ∈ Uk⊗Uk[[ν]] we thus find twisted (pseudo)Riemannian Mc (with the metric
given by the twisted first fundamental form) that are symmetric under the Hopf algebra UkF
(the “quantum group of isometries”), and the twisted Levi-Civita connection on all Mc equals
the projection of the twisted Levi-Civita connection on R3 (the exterior derivative), while the
twisted curvature can be expressed in terms of the twisted second fundamental form through
a twisted Gauss theorem. Actually, the metric, Levi-Civita connection, intrinsic and extrinsic
curvatures of the circular cylinders and hyperboloids, as elements in the appropriate tensor
spaces, remain undeformed; the twist enters only their action on twisted tensor products of
vector fields. The twisted hyperboloids can be seen as twisted (anti-)de Sitter spaces dS2, AdS2.
In the Appendices A, B we first recall some basic notions and notation in algebraic geometry,
then we prove most of the theorems.
We recall that (anti-)de Sitter spaces, which can be represented as solutions of f(x) ≡
(x1)2 + ...+(xn−1)2−(xn)2−2c= 0 in Minkowski Rn, are maximally symmetric cosmological
solutions to the Einstein equations of general relativity with a nonzero cosmological constant Λ
in spacetime dimension n− 1, and play a prominent role in present cosmology and theoretical
physics (see e.g. [15, 42]). If we interpret x in Minkowski Rn as relativistic n-momentum,
rather than position in spacetime, then the same equation represents the dispersion relation
of a relativistic particle of square mass 2c. In either case it would be interesting to study the
physical consequences of twist deformations. On the mathematical side, directions for further
investigations include: submanifolds of Cn (rather than Rn), just dropping ∗-structures and
the related constraints on the twist; twist deformations of the (zero-measure) agebraic sets Ef .
Finally, we mention that in [28, 29, 30, 48] an alternative approach to introduce NC (more
precisely, fuzzy) submanifolds S ⊂ Rn has been proposed and applied to spheres, projecting
the algebra of observables of a quantum particle in Rn, subject to a confining potential with
a very sharp minimum on S, to the Hilbert subspace with energy below a certain cutoff.
4Also real twists would be possible
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2 Preliminaries
In this introductory chapter we recall the notion of (triangular) Hopf algebras, their repre-
sentation category [10, 20, 37, 41, 45] and Drinfel’d twist deformation [4, 35]. In particular
we focus on the example of twisted differential geometry [1, 2], where we further twist deform
geometric objects on (pseudo)Riemannian manifolds. Afterwards we recap the results about
smooth submanifolds obtained in [31].
In this chapter every vector space is considered over the field K ∈ {R,C} of complex or real
numbers. Formal power series V [[ν]] with values in a K-vector space V are viewed as a K[[ν]]-
module. For a K-linear map φ : V → W between K-vector spaces we denote the K[[ν]]-linear
extension by the same symbol φ : V [[ν]]→W [[ν]].
2.1 Hopf algebras and their representations
2.1.1 Hopf algebras
A coalgebra (H,∆, ) is a K-vector space H together with K-linear maps ∆: H → H⊗H (the
coproduct) and  : H → K (the counit), such that ∆ is coassociative, i.e.
a(1)(1)⊗a(1)(2)⊗a(2) = a(1)⊗a(2)(1)⊗a(2)(2) =: a(1)⊗a(2)⊗a(3) (11)
and  is counital with respect to ∆, i.e.
(a(1))a(2) = a = a(1)(a(2)) (12)
for all a ∈ H. In eq.(11) and eq.(12) we employed Sweedler’s sigma notation a(1)⊗a(2) := ∆(a),
omitting a finite sum of factorizing tensors. If (H,∆, ) is endowed with an associative product
µ : H⊗H → H and a unit η : K→ H [we employ the notations µ(a⊗b) = a · b for all a, b ∈ H
and η(1) =: 1] such that ∆ and  are algebra homomorphisms, i.e. such that
∆(a · b) =∆(a)∆(b),
(a · b) =(a)(b),
∆(1) =1⊗1,
(1) =1
(13)
for all a, b ∈ H, we call (H,µ, η,∆, ) a bialgebra. A Hopf algebra is a bialgebra (H,µ, η,∆, )
together with an antipode S : H → H. The latter is a convolution inverse of the identity on
H, i.e. a K-linear map which satisfies
S(a(1)) · a(2) = (a)1 = a(1) · S(a(2)) for all a ∈ H. (14)
If an antipode on a bialgebra exists it is unique and an anti-bialgebra homomorphism. The
latter means that
S(a · b) =S(b) · S(a),
S(a(1))⊗S(a(2)) =S(a)(2)⊗S(a)(1),
S(1) =1,
(S(a)) =(a)
(15)
for all a, b ∈ H. A Hopf algebra H is said to be cocommutative, if ∆(a) = a(2)⊗a(1) for all
a ∈ H. Recall that a ∗-involution on a K-vector space H is an assignment ∗ : H → H such that
(λa+ ρb)∗ = λa∗+ ρb∗ for all a, b ∈ H and λ, ρ ∈ K, where λ denotes the complex conjugation
of λ. We say that a Hopf algebra H is a Hopf ∗-algebra if there is a ∗-involution on H which
is also compatible with the Hopf algebra structure, namely if
(a · b)∗ = b∗ · a∗, 1∗ = 1, ∆(a)∗⊗∗ = ∆(a∗), (a∗) = (a) and S[S(a∗)∗] = a (16)
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for all a, b ∈ H. Our main example of a cocommutative Hopf algebra is the universal enveloping
algebra (UEA) Ug of a K-Lie algebra (g, [·, ·]). By the universal property of Ug it is sufficient
to define the Hopf algebra structure on primitive elements g ∈ g:
∆(g) = g⊗1 + 1⊗g, (g) = 0 and S(g) = −g. (17)
If there is a ∗-involution ∗ : g→ g on g such that [g, h]∗ = [h∗, g∗] for all g, h ∈ g, the UEA Ug
becomes a Hopf ∗-algebra with respect to the extension ∗ : Ug→ Ug.
A Hopf (∗-)algebra over K[[ν]] is a K[[ν]]-module Hˆ endowed with an associative product
µ : Hˆ⊗Hˆ → Hˆ, a unit η : K[[ν]] → Hˆ and K[[ν]]-linear maps ∆: Hˆ → Hˆ⊗Hˆ,  : Hˆ → K[[ν]]
and S : Hˆ → Hˆ (as well as a ∗-involution ∗ : Hˆ → Hˆ) such that eq.(13) and eq.(14) [as well as
eq.(16)] hold. For example, for any Hopf algebra H over K the K[[ν]]-module Hˆ = H[[ν]] is
a Hopf algebra with respect to the K[[ν]]-linearly extended Hopf algebra structures (and with
respect to the completed tensor product in the ν-adic topology).
2.1.2 Hopf algebra modules
Consider an associative unital algebra A over K. A K-vector space M is said to be a left A-
module if it is endowed with a K-linear map . : A⊗M→M such that a. (b.s) = (a ·b).s and
1 . s = s for all a, b ∈ A and s ∈ M. Similarly right A-modules are defined. An A-bimodule
is a left and a right A-module with commuting module actions. A K-linear map φ : M→M′
between left A-modules is said to be A-equivariant if φ intertwines the A-module actions, i.e.
if φ(a . s) = a . φ(s) for all a ∈ A and s ∈M. For a Hopf ∗-algebra H, a left H-module M is
said to be a left H-∗-module if there is a ∗-involution ∗ : M→M on M such that
(a . s)∗ = S(a)∗ . s∗ for all a ∈ H and s ∈M. (18)
Similarly, right A-∗-modules and A-∗-bimodules are defined. An element s ∈ M of a left
H-module is said to be H-invariant if a . s = (a)s for all a ∈ H. An associative unital
(∗-)algebra A is said to be a left H-(∗-)module algebra if A is a left H-(∗-)module such that
ξ . (a · b) = (ξ(1) . a) · (ξ(2) . b) and ξ B 1 = (ξ)1 (19)
for all ξ ∈ H and a, b ∈ A. More generally, an A-(∗-)bimodule M for a left H-module
(∗-)algebra A is said to be an H-equivariant A-(∗-)bimodule ifM is a left H-module such that
ξ . (a · s · b) = (ξ(1) . a) · (ξ(2) . s) · (ξ(3) . b) [and (a · s · b)∗ = b∗ · s∗ · a∗] (20)
hold for all ξ ∈ H, a, b ∈ A and s ∈M, where we denoted the A-(∗-)module actions by ·.
Similarly one defines module (∗-)algebras and (equivariant) (bi-)(∗-)modules over K[[ν]].
Starting from a module action on a K-vector space, the K[[ν]]-linear extension is a module
action on the corresponding K[[ν]]-module, etc.
The main example we are having in mind is based on a smooth manifold M together with
a Lie algebra symmetry. The latter is a Lie (∗-)algebra (g, [·, ·]) together with a Lie (∗-)algebra
representation ψ : g → Ξ, where Ξ := Γ∞(TM) denotes the Lie algebra of smooth vector
fields on M . Then, g acts by derivations on the (associative unital) ∗-algebra A := C∞(M) of
smooth K-valued functions on M [endowed with the pointwise product and the ∗-involution
f∗(x) = f(x), f ∈ A, x ∈M ], i.e. . := L ◦ ψ : g→ Der(A) satisfies
g . (f1f2) = (g . f1)f2 + f1(g . f2) (21)
for all g ∈ g and f1, f2 ∈ A := C∞(M), where L : Ξ → Der(A) denotes the Lie derivative.
If g is already a Lie subalgebra of Ξ we can choose . = L. We noticed that the UEA Ug
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is a Hopf (∗-)algebra. The (associative unital) algebra A = C∞(M) of smooth functions on
M becomes a left Ug-module (∗-)algebra via the extension of ψ ◦ L, which we also denote by
. : Ug×A → A in the following. The Lie algebra Ξ of smooth vector fields is an A-∗-bimodule
with respect to the ∗-involution X∗(f) = −X(f∗)∗ for all X ∈ Ξ and f ∈ A. Furthermore, it
becomes a Ug-equivariant A-(∗-)bimodule with respect to the adjoint action
(ξ . X)(f) = ξ(1) . X(S(ξ(2)) . f) for all ξ ∈ Ug, X ∈ Ξ and f ∈ A. (22)
2.1.3 Drinfel’d twist deformation
Fix a Hopf algebra H over K. A (Drinfel’d) twist on H is an element F = 1⊗1 + O(ν) ∈
(H⊗H)[[ν]] satisfying the 2-cocycle property
(F⊗1)(∆⊗id)(F) = (1⊗F)(id⊗∆)(F) (23)
and the normalization property
(⊗id)(F) = 1 = (id⊗)(F). (24)
In particular every twist is invertible as a formal power series. We denote the inverse twist by F
and employ leg notation: F = F1⊗F2, F = F1⊗F2, and F1⊗F2⊗F3 for the expression at both
sides of (23). In the presence of several copies of F we write F = F ′1⊗F ′2 for the second copy
etc. to distinguish the summations. To every twist we assign an element β := F1 ·S(F2) ∈ H.
It is invertible with inverse given by β−1 = S(F1) · F2 ∈ H.
Let F be a Drinfel’d twist on H. Then HF = (H[[ν]], µ, η,∆F , , SF) is a Hopf algebra over
K[[ν]], where the twisted coproduct and antipode are defined by
∆F(ξ) = F∆(ξ)F and SF(ξ) = βS(ξ)β−1 (25)
for all ξ ∈ H5. If A is a left H-module algebra then A? = (A[[ν]], ?, 1) becomes a left HF -
module algebra with respect to the twisted product
a ? b = (F1 . a) · (F2 . b) for all a, b ∈ A[[ν]]. (26)
More generally, if A is a left H-module algebra and M an H-equivariant A-bimodule, then
M? =M[[ν]] becomes an HF -equivariant A?-bimodule, with respect to the undeformed Hopf
algebra action and the twisted module actions
a ? s = (F1 . a) · (F2 . s) and s ? a = (F1 . s) · (F2 . a) for all a ∈ A and s ∈M (27)
on M? (cf. [4] Theorem 3.5). In the following we denote the twisted coproduct by ∆F(ξ) =
ξ
(̂1)
⊗ξ
(̂2)
. If H is cocommutative then in general HF is no longer cocommutative. However
ξ
(̂2)
⊗ξ
(̂1)
= R ·∆F(ξ) · R for all ξ ∈ HF , (28)
where R := F21F ∈ (H⊗H)[[ν]] is an invertible element with inverse given by R = FF21 =
R21 ∈ (H⊗H)[[ν]]. We call R the triangular structure or universal R-matrix and say that ∆F
is quasi-cocommutative. Note that R further satisfies the so-called hexagon relations
(∆F⊗id)(R) = R13R23 and (id⊗∆F)(R) = R13R12. (29)
5Here one could replace β−1 by S(β), as S(β)β ∈ Centre(H)[[λ]].
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Since the representation theory of a Hopf algebra is monoidal, the K-tensor productM⊗M′ of
two left H-modules is a left H-module via the Hopf algebra action ξ . (s⊗s′) = ξ(1) .s⊗ξ(2) .s′.
The ?-tensor product
s⊗?s′ := F1 . s⊗F2 . s′, s ∈M, s′ ∈M′ (30)
is the corresponding monoidal structure on the representation theory of HF , since
ξ . (s⊗?s′) = ξ(̂1) . s⊗?ξ(̂2) . s′ (31)
for all ξ ∈ HF , i.e. (M⊗M′)? =M?⊗?M′?. Consider [4] for more information.
The algebra (H[[ν]], ?) itself is a HF -module algebra, and one can build a triangular Hopf
algebra H? = (H[[ν]], ?, η,∆?, , S?,R?) isomorphic to HF = (H[[ν]], µ, η,∆F , , SF ,R), with
isomorphism D : H? → HF given by D(ξ) := (F1 . ξ)F2 = F1 ξ S(F2) β−1 and inverse by
D−1(φ) = F1 φβ S
(F2) [34, 1] (cf. also [22, 27]). In other words, D(ξ ? ξ′) = D(ξ)D(ξ′), and
∆?, S?,R? are related to ∆F , SF ,R by the relations
∆? = (D
−1 ⊗D−1) ◦∆F ◦D, S? = D−1 ◦ SF ◦D, R? = (D−1 ⊗D−1)(R). (32)
One can think of D also as a change of generators within H[[ν]].
If H is a Hopf ∗-algebra, and the twist is either real [namely, if F∗⊗∗ = (S⊗S)(F21)] or
unitary (namely, if F∗⊗∗ = F), then one can make both HF and H? into Hopf ∗-algebras in
such a way that twisting transforms the H ∗-modules and module ∗-algebras into HF and H?
∗-modules and module ∗-algebras, respectively.
In fact, if F is real then also β∗ = β, while R∗⊗∗ = (β⊗β)−1R(β⊗β) = (β⊗β)R(β⊗β)−1,
and HF endowed with the ∗-involution
ξ∗F := βξ∗β−1, for ξ ∈ HF , (33)
is a triangular Hopf ∗-algebra (in fact, R∗F⊗∗F = R); moreover, A?, M? are a left HF -
module ∗-algebra and a HF -equivariant A?-∗-bimodule when endowed with the undeformed
∗-involutions (cf. [41] Proposition 2.3.7). In particular (H[[ν]], ?, ∗) is a left HF -module ∗-
algebra. Actually D is an isomorphism of the triangular Hopf ∗-algebra (H?, ∗) onto the one
(HF , ∗F), see [1, 41] for more information.
If F is a unitary twist, then also R is, β∗ = S(β−1), and HF endowed with the undeformed
∗-involution is a Hopf ∗-algebra; moreover, A?,M? are respectively a left HF -module ∗-algebra
and an HF -equivariant A?-∗-bimodule when endowed with the twisted ∗-involutions
a∗? = S(β) . a∗, s∗? = S(β) . s∗, (34)
where a ∈ A[[ν]] and s ∈ M[[ν]] (cf. [27]). In particular (H[[ν]], ?, ∗?) is a left HF -module ∗-
algebra. Actually, one finds that (H?, ∗?) is a triangular Hopf ∗-algebra, in particular ∆?◦∗? =
(∗?⊗∗?)◦∆?, S? ◦∗? ◦S? ◦∗? = id , and D : (H?, ∗?)→ (HF , ∗) is an isomorphism of triangular
Hopf ∗-algebras, see Proposition 18 in [31].
As explicit examples we only treat abelian and Jordanian Drinfel’d twists on universal
enveloping algebras:
i.) For a finite number n ∈ N of pairwise commuting elements e1, . . . , en, f1, . . . , fn ∈ g we
set P :=
∑n
i=1 ei ⊗ fi ∈ g⊗ g. Then
F = exp(iνP ) ∈ (Ug⊗ Ug)[[ν]]
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is a Drinfel’d twist on Ug ([49]). We refer to it as an abelian (or Reshetikhin) twist on Ug.
It is unitary if P
∗⊗∗ = P ; this is e.g. the case if the ei, fi are anti-Hermitian or Hermitian.
It is immediate to check that the twist with P replaced by P ′ = 12
∑n
i=1(ei⊗ fi− fi⊗ ei)
is both unitary and real, leads to the same R and makes β = 1, whence SF = S, and the
∗-structure remains undeformed also for H-∗-modules and module algebras, see (34).
ii.) Let H,E ∈ g be elements of a Lie algebra such that [H,E] = 2E. Then
F = exp
[
1
2
H ⊗ log(1+ iνE)
]
∈ (Ug⊗ Ug)[[ν]]
defines a Drinfel’d twist, called Jordanian twist [47]. If H and E are anti-Hermitian, F
is unitary.
2.2 Twisted differential geometry
We recall some results obtained in [1, 2]. In this section we stick to the Hopf ∗-algebra H = UΞ,
where Ξ denotes the Lie ∗-algebra of smooth vector fields on a smooth manifold M (as in the
previous section). Ω = Γ∞(T ∗M) denotes the space of differential 1-forms on M . Both, Ξ and
Ω are H-equivariant symmetric X -∗-bimodules, where X = C∞(M) is the ∗-algebra of smooth
K-valued functions on M . The Hopf ∗-algebra action on X , Ξ and Ω is given by the extension
of the Lie derivative: for X,Y ∈ Ξ, f ∈ X and ω ∈ Ω we have
LXf =: X(f), LXY = [X,Y ], LXω = (iXd + diX)ω (35)
and we set LXY = LXLY , L1 = id. Henceforth we denote such an extension by ..
2.2.1 Twisted tensor fields
The tensor algebra T := ⊕p,r∈N0 T p,r on M is defined as the direct sum of the K-modules
T p,r := Ω⊗. . .⊗Ω︸ ︷︷ ︸
p-times
⊗Ξ⊗. . .⊗Ξ︸ ︷︷ ︸
r-times
(36)
for p, r ≥ 0, p+ r > 0, where we set T 0,0 := X . Here and below ⊗ stands for ⊗X (rather than
⊗K), namely T ⊗ fT ′ = Tf ⊗ T ′ for all f ∈ X . Every T p,r is an H-equivariant X -∗-bimodule
with respect to the module actions
ξ . (ω1⊗. . .⊗ωp⊗X1⊗. . .⊗Xr) = [ξ(1) . ω1]⊗. . .⊗[ξ(p) . ωp]⊗[ξ(p+1) . X1]⊗. . .⊗[ξ(p+r) . Xr]
and
h · (ω1⊗. . .⊗ωp⊗X1⊗. . .⊗Xr) · k = (h · ω1)⊗. . .⊗ωp⊗X1⊗. . .⊗(Xr · k)
for all ξ ∈ H and h, k ∈ X , and with the obvious actions on T 0,0 = X . This induces the
structure of an H-equivariant X -∗-bimodule on T . In particular, for all T, T ′ ∈ T , ξ ∈ H and
h, k ∈ X
ξ . (T⊗T ′) =ξ(1) . T⊗ξ(2) . T ′,
h · (T⊗T ′) · k =(h · T )⊗(T ′ · k),
(T · h)⊗T ′ =T⊗(h · T ′)
(37)
hold. Let T ∈ T p,r. On a local chart (U, x) of M there are unique functions T λ1,...,λrµ1,...,µp ∈ C∞(U)
such that T = T λ1,...,λrµ1,...,µp dx
µ1⊗. . .⊗dxµp⊗∂λ1⊗. . .⊗∂λr , where {∂i} is the dual frame of vector
fields on U corresponding to {xi}, i.e. 〈∂i,dxj〉 = δji and we sum over repeated indices.
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Consider a (in particular, unitary or real) Drinfel’d twist F on H. Applying the results of
Section 2.1.3 to H, X , Ξ, Ω and T we obtain the following: HF = UΞF is a Hopf (∗-)algebra,
X? is a left HF -module (∗-)algebra, while Ξ?,Ω?, T? are HF -equivariant X?-(∗-)bimodules. The
HF -actions are given by the ?-Lie derivative L?ξT := LF1.ξ(F2 .T ) for all ξ ∈ HF and T ∈ T?.
On ?-vector fields X,Y ∈ Ξ?, the ?-Lie derivative
L?XY = [F1 . X,F2 . Y ] = X ? Y − (R1 . Y ) ? (R2 . X) =: [X,Y ]? (38)
structures Ξ? as a ?-Lie algebra. This means that [·, ·]? is twisted skew-symmetric, i.e. [Y,X]? =
−[R1 . X,R2 . Y ]? and satisfies the twisted Jacobi identity
[X, [Y, Z]?]? = [[X,Y ]?, Z]? + [R1 . Y, [R2 . X,Z]?]? (39)
for all X,Y, Z ∈ Ξ?. Furthermore, [·, ·]? is HF -equivariant, i.e. ξ . [X,Y ]? = [ξ(̂1) .X, ξ(̂2) . Y ]?
and ?-vector fields act on X? as twisted derivations, i.e. for all X ∈ Ξ? and f, f ′ ∈ X?
L?X(f ? f ′) = L?X(f) ? f ′ + (R1 . f) ? L?R2.Xf ′. (40)
By setting A = T we can apply the results of section 2.1.3, in particular define a deformed ten-
sor algebra T? with associative ?-tensor product defined by eq. (30). This can be decomposed
as T? =
⊕
p,r∈N0 T
p,r
? , where T 0,0? := X? and
T p,r? := Ω?⊗? . . .⊗?Ω?︸ ︷︷ ︸
p-times
⊗? Ξ?⊗? . . .⊗?Ξ?︸ ︷︷ ︸
r-times
(41)
for p, r ≥ 0, p+ r > 0. In particular
ξ . (T⊗?T ′) =ξ(̂1) . T⊗?ξ(̂2) . T ′,
h ? (T⊗?T ′) ? k =(h ? T )⊗?(T ′ ? k),
(T ? h)⊗?T ′ =T⊗?(h ? T ′)
(42)
for all T, T ′ ∈ T?, h, k ∈ X? and ξ ∈ HF . The third formula shows that ⊗? is actually ⊗X? , the
tensor product over X?. Let T ∈ T p,r? . On any local chart (U, x) of M there unique functions
T λ1,...,λr?µ1,...,µp ∈ C∞(U)[[ν]] such that
T = T λ1,...,λr?µ1,...,µp ? dx
µ1⊗? . . .⊗?dxµp⊗?∂λ1⊗? . . .⊗?∂λr . (43)
Higher order differential forms are defined by the twisted skew-symmetrization of⊗?: there
is an associative unital product
ω ∧? ω′ := (F1 . ω) ∧ (F2 . ω′) = ω⊗?ω′ −R1 . ω′⊗?R2 . ω (44)
and we define Ω•? := (Λ•Ω?,∧?) to be the twisted exterior algebra of Ω (see [51] for more
information).
The dual pairing 〈 , 〉 between vector fields and 1-forms can be equivalently considered as
X -bilinear maps Ξ⊗Ω → X and Ω⊗Ξ → X ; for all arguments X ∈ Ξ, ω ∈ Ω these maps
have the same images, which we respectively denote by the lhs and right-hand side (rhs) of
the identity 〈X,ω〉 = 〈ω,X〉. They have distinct twist deformations (?-pairings) defined by
(T, T ′) 7→ 〈T, T ′〉? :=
〈F1 . T,F2 . T ′〉 , (45)
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with (T, T ′) = (X,ω) and (T, T ′) = (ω,X) respectively. They satisfy
〈T, T ′〉? =〈R1 . T ′,R2 . T 〉?,
ξ . 〈T, T ′〉? =〈ξ(̂1) . X, ξ(̂2) . ω〉?,
〈h1 ? T ? h2, T ′ ? h3〉? =h1 ? 〈T, h2 ? T ′〉? ? h3
(46)
for all ξ ∈ HF , X ∈ Ξ?, ω ∈ Ω?, (T, T ′) = (X,ω) or (T, T ′) = (ω,X), and h, h1, h2, h3 ∈ X?.
Moreover, 〈X,dh〉? = L?Xh. As one can extend the ordinary pairing to higher tensor powers
setting
〈Tp ⊗ ...⊗ T1, T ′1 ⊗ ...⊗ T ′p ⊗ τ〉 := 〈T1, T ′1〉 ... 〈Tp, T ′p〉 τ , (47)
provided (Ti, T
′
i ) ∈ Ξ⊗Ω or (Ti, T ′i ) ∈ Ω⊗Ξ for all i, and for all τ ∈ T p,r (the image will belong
again to T p,r), so can one extend 〈 , 〉? to the corresponding twisted tensor powers using the
same formula (45). Properties (46) are preserved, namely it is HF -equivariant, as well as left,
right and middle X?-linear.
2.2.2 Twisted covariant derivatives and metrics
A twisted covariant derivative (or connection) is a K[[ν]]-linear map ∇F : T?⊗K[[ν]]T? → T?
fulfilling
∇FXh = L?Xh, (48)
∇Fh?XT = h ? (∇FXT ), (49)
∇FX(T⊗?T ′) = [R1 .∇FR′2.X(R
′′
2 . T )]⊗?[(R2R′1R′′1) . T ′] + (R1 . T )⊗?(∇FR2.XT ), (50)
∇FX〈Y, ω〉? = 〈R1 . [∇FR′2.X(R
′′
2 . Y )], (R2R′1R′′2) . ω〉? + 〈R1 . Y,∇FR2.Xω〉? (51)
for all X,Y ∈ Ξ?, h ∈ X?, T, T ′ ∈ T? and ω ∈ Ω?. Its curvature and torsion maps are given by
TF? (X,Y ) :=∇FXY −∇FR1.Y (R2 . X)− [X,Y ]?,
RF? (X,Y, Z) :=∇FX∇FY Z −∇FR1.Y∇FR2.XZ −∇F[X,Y ]?Z
(52)
respectively, for all X,Y, Z ∈ Ξ?. One proves that TF? : Ξ?⊗?Ξ? → Ξ? and RF? : Ξ?⊗?Ξ?⊗?Ξ? →
Ξ? are left X?-linear maps such that
TF? (Y,X) =− TF? (R1 . X,R2 . Y ),
RF? (Y,X,Z) =− RF? (R1 . X,R2 . Y, Z).
(53)
Consequently, TF? and R
F
? are in one-to-one correspondence with elements T
F ∈ Ω2?⊗?Ξ? and
RF ∈ Ω? ⊗? Ω2?⊗?Ξ? such that
TF? (X,Y ) = 〈X ⊗? Y,TF 〉?, RF? (X,Y, Z) = 〈X ⊗? Y ⊗? Z,RF 〉?. (54)
Setting F = 1⊗1 it follows that R = 1⊗1 and the definitions of twisted connection, torsion,
curvature give the algebraic notion of connection, torsion, curvature of differential geometry.
Consider a (classical) connection ∇ : Ξ⊗T → T on M and its equivariance Lie algebra e ⊆ Ξ
(cf. [31]). The latter is a Lie subalgebra of the Lie algebra of vector fields defined by
e = {ξ ∈ Ξ | ξ . (∇XT ) = ∇ξ.XT +∇X(ξ . T ) for all X ∈ Ξ, T ∈ T }. (55)
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It follows that ∇ is Ue-equivariant, i.e. ξ . (∇XT ) = ∇ξ(1).X [ξ(2) . T ] for all ξ ∈ Ue, X ∈ Ξ
and T ∈ T . If F ∈ (Ue⊗Ue)[[ν]] is a Drinfel’d twist, then
∇FXT := ∇F1.X(F2 . T ) (56)
defines an UeF -equivariant twisted covariant derivative ∇F : Ξ?⊗ ?T? → T?. Furthermore,
eq.(50) and eq.(51) reduce to the expressions
∇FX(T⊗?T ′) =(∇FXT )⊗?T ′ + (R1 . T )⊗?(∇FR2.XT ′),
∇FX〈Y, ω〉? =〈∇FXY, ω〉? + 〈R1 . Y,∇FR2.Xω〉?
(57)
for all X,Y ∈ Ξ?, T, T ′ ∈ T? and ω ∈ Ω? (cf. [31] Proposition 2).
A metric on M is a non-degenerate element g = gα⊗gα ∈ (Ω⊗Ω)[[ν]] such that g = gα⊗gα.
We can view g as an element g = gA⊗?gA ∈ Ω?⊗?Ω? with gA⊗gA = F1.gα⊗F2.gα. A twisted
connection ∇F such that TF = 0 and ∇Fg = 0 is said to be a Levic-Civita (LC) connection
for g. The associated Ricci tensor map and Ricci scalar of ∇F are respectively defined by
RicF? : Ξ?⊗? Ξ? → Ξ?, RicF? (X,Y ) := 〈θi,RF? (ei, X, Y )〉?, RF := RicF
(
g−1A,g−1A
)
(58)
(sum over i, A), where {ei}, {θi} are ?-dual bases of Ξ?,Ω?, in the sense 〈ei, θj〉? = δji . One
easily finds RicF(X,Y ) = 〈θi ⊗? ei ⊗? X ⊗? Y,RF〉?.
For a (pseudo-)Riemannian manifold (M,g) we define the Lie subalgebra
k := {ξ ∈ Ξ | ξ . g(X,Y ) = g(ξ . X, Y ) + g(X, ξ . Y ) for all X,Y ∈ Ξ} ⊆ Ξ (59)
of Killing vector fields. If ∇ : Ξ⊗T → T is the Levi-Civita (LC) covariant derivative on
(M,g) [i.e. T = 0 and LXg(Y,Z) = g(∇XY,Z) + g(Y,∇XZ) for all X,Y, Z ∈ Ξ] and e the
corresponding equivariance Lie algebra, we obtain k ⊆ e by the Koszul formula.
The following results are taken from [2, 31]. If F ∈ (Uk⊗Uk)[[ν]] is a twist “based on Killing
vector fields”, then (56) defines a twisted LC connection ∇F : Ξ?⊗?T? → T?, and moreover
g?(X,Y ) :=
〈
X,
〈
Y,gA
〉
?
gA
〉
?
= g
(F1 . X,F2 . Y ) = 〈X ⊗? Y , g 〉 (60)
for all X,Y ∈ Ξ?. This twisted metric map g? : Ξ?⊗?Ξ? → X? satisfies
g?(h1 ? X ? h2, Y ? h3) = h1 ? g?(X,h2 ? Y ) ? h3 (61)
for all X,Y ∈ Ξ? and h1, h2, h3 ∈ X?. One proves that ∇F is the unique LC connection with
respect to g?, i.e. it is the unique twisted covariant derivative satisfying T
F = 0 and ∇Fg = 0,
or equivalently
L?X [g?(Y,Z)] = g?(∇FXY, Z) + g?(R1 . Y,∇FR2.XZ) (62)
for all X,Y, Z ∈ Ξ?. Not only the twisted metric, but also the twisted curvature and Ricci
tensor maps are also right X?-linear in the last argument. Also the twisted Ricci tensor map
is in one-to-one correspondence with an element RicF ∈ Ω?⊗?Ω? such that RicF? (X,Y ) =
〈X ⊗? Y,RicF〉?, by the non-degeneracy of the ?-pairing. The twisted curvature, Ricci tensor
and Ricci scalar are UkF -invariant and coincide with their undeformed counterparts as elements
RF = R ∈ (Ω⊗Ω2⊗Ξ)[[ν]], RicF = Ric ∈ (Ω⊗Ω)[[ν]], RF = R ∈ X . (63)
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2.3 Twisted smooth submanifolds of Rn
In [31] M ⊂ Rn stands for a smooth submanifold consisting of the solutions x ∈ Df of
k < n equations of the form (1); here Df ⊆ Rn is an open subset such that the function
f := (f1, . . . , fk) : Df → Rk is smooth and has the Jacobian matrix J = ∂f/∂x of rank k on
all of it. More generally, the solutions x ∈ Df of
fac (x) := f
a(x)− ca = 0, a ∈ {1, . . . , k}, (64)
where c := (c1, . . . , ck) ∈ f(Df ), give a whole k-parameter family of embedded submanifolds
Mc ⊆ Rn (the level sets of f) of dimension n− k. It follows that (fac )∗ = fac . In [31] X stands
for the ∗-algebra of smooth functions on Df . The corresponding ∗-algebra XM = C∞(M)
of smooth functions on M is given by the quotient (2), where C denotes the ideal C ⊆ X of
smooth functions vanishing on M . As already said, the latter decomposes as C = ⊕ka=1Xfa =⊕k
a=1 f
aX (cf. [31] Proposition 1). If we denote the basis of Cartesian coordinates of Rn by
x = (x1, . . . , xn) and the dual frame of vector fields by ∂1, . . . , ∂n, the Lie ∗-algebra and
X -∗-bimodule of vector fields is Ξ = {Xi∂i | Xi ∈ X}. It inherits two X -∗-subbimodules
ΞC = {X ∈ Ξ | X(fa) ∈ C for all a ∈ {1, . . . , k}},
ΞCC = {X ∈ Ξ | X(h) ∈ C for all h ∈ X} ⊂ ΞC .
(65)
The former is a Lie ∗-subalgebra of Ξ, while the latter is a Lie ∗-ideal. It follows that the
smooth vector fields ΞM on M can be identified with the quotient (4). By (10) we further
define the Lie ∗-subalgebra Ξt ⊂ ΞC of vector fields annihilating f . These vector fields are
tangent to all submanifolds Mc, i.e. X(f
a
c ) = 0.
2.3.1 Twist deformation of tangent and normal vector fields
Here we recall the results [31] on twisted tangent and normal vector fields for a unitary or real
Drinfel’d twist F ∈ (UΞt⊗UΞt)[[ν]]. The classical analogues of definitions and results follow
by setting F = 1⊗1.
According to Section 2.1.3 Ξ? is a X?-bimodule with X?-subbimodules ΞC?,ΞCC?,Ξt?. We
further define the X?-bimodule
Ω⊥? := {ω ∈ Ω? | 〈Ξt?, ω〉? = 0}. (66)
By Proposition 9 in [31], the X?-bimodules ΞC?,Ξt? and
ΞM? =: ΞC?/ΞCC? (67)
are ?-Lie subalgebras of Ξ? and ΞCC? is a ?-Lie ideal. Furthermore, we obtain the decomposition
Ω⊥? =
k⊕
a=1
X? ? dfa =
k⊕
a=1
dfa ? X?, (68)
and the twisted exterior algebras Ξ•?,Ξ•t?,Ξ•C?,Ξ
•
CC?,Ξ
•
M?,Ω
•
⊥? are UΞ
F
t -equivariant X?-bimodules.
Ξt?,ΞC?,ΞCC?,ΞM?,Ω⊥? resp. coincide with Ξt[[ν]],ΞC [[ν]],ΞCC [[ν]],ΞM [[ν]],Ω⊥[[ν]] as C[[ν]]-
modules.
Let g = gα⊗gα ∈ Ω⊗Ω be a (non-degenerate) metric on Df with inverse g−1 = g−1α⊗g−1α .
We define the two X -subbimodules
Ξ⊥ := {X ∈ Ξ | g(X,Ξt) = 0} and Ωt := {ω ∈ Ω | g−1(ω,Ω⊥) = 0} (69)
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of normal vector fields and tangent differential forms. The open subset where the restriction
g−1⊥ := g
−1|Ω⊥⊗Ω⊥ : Ω⊥⊗Ω⊥ → X (70)
is non-degenerate is denoted by D′f ⊂ Df . If g is Riemannian D′f = Df . From now on we
denote the restrictions of Ξ,Ξt,Ξ⊥,Ω,Ωt,Ω⊥ to D′f by the same symbols and by k ⊆ Ξt the
Lie subalgebra of Killing vector fields with respect to g which are also tangent to Mc ⊆ D′f .
The deformed analogs
Ξ⊥? := {X ∈ Ξ? | g?(X,Ξt,?) = 0} and Ωt? := {ω ∈ Ω? | g−1? (ω,Ω⊥?) = 0} (71)
of (69) can be defined for any twist F ∈ (UΞt⊗UΞt)[[ν]]
By Proposition 10 in [31], if F ∈ (Uk⊗Uk)[[ν]] there are direct sum decompositions
Ξ? = Ξt? ⊕ Ξ⊥?, Ω? = Ωt? ⊕ Ω⊥? (72)
of the ?-Lie algebra Ξ? of smooth vector fields and the X?-bimodule Ω? of differential forms
on D′f , into orthogonal X?-bimodules, in the first decomposition with respect to g? and in the
second one with respect to the inverse metric g−1? . Ξt? is a ?-Lie subalgebra of Ξ?, Ωt? and Ξ⊥?
are orthogonal with respect to the ?-pairing and Ωt? = {ω ∈ Ω? | 〈Ξ⊥?, ω〉? = 0}. Furthermore,
the restrictions
g⊥? :=g|Ξ⊥?⊗?Ξ⊥? : Ξ⊥?⊗?Ξ⊥? → X?, gt? := g|Ξt?⊗?Ξt? : Ξt?⊗?Ξt? → X?,
g−1⊥? :=g
−1|Ω⊥?⊗?Ω⊥? : Ω⊥?⊗?Ω⊥? → X?, g−1t? := g−1|Ωt?⊗?Ωt? : Ωt?⊗?Ωt? → X?,
(73)
are non-degenerate. Ξt?,Ω⊥?,Ξ⊥?,Ωt? resp. coincide with Ξt[[ν]],Ω⊥[[ν]],Ξ⊥[[ν]],Ωt[[ν]] as
C[[ν]]-modules; and similarly for their ?-tensor (and -wedge) powers. The orthogonal projec-
tions prt? : Ξ? → Ξt?, pr⊥? : Ξ? → Ξ⊥?, prt? : Ω? → Ωt? and pr⊥? : Ω? → Ω⊥? and their (unique)
extensions to multivector fields and higher rank forms are the C[[ν]]-linear extensions of their
classical counterparts. They, as well as Ξ•?,Ξ•t?,Ξ•⊥?,Ω•?,Ω•t?,Ω•⊥?, are UkF -equivariant.
The induced metric (first fundamental form) for the family of submanifolds Mc ⊆ D′f ,
where c ∈ f(D′f ), stays undeformed: gFt := (prt?⊗prt?)(g) = (prt⊗prt)(g) =: gt.
Defining ΩC? := {ω ∈ Ω? | 〈Ξ⊥?, ω〉? ⊆ C[[ν]]} and ΩCC? :=
⊕k
a=1 Ω? ? f
a =
⊕k
a=1 f
a ? Ω?,
we further obtain
ΩM? = ΩC?/ΩCC? = {[ω] = ω + ΩCC? | ω ∈ ΩC?}. (74)
The following proposition assures that every element of ΞM? can be represented by an element
in Ξt? and every element of ΩM? can be represented by an element in Ωt?.
Proposition 11 in [31]. For X ∈ ΞC?, ω ∈ ΩC? the tangent projections Xt? := prt?(X) ∈
Ξt?, ωt? := prt?(ω) ∈ Ωt? respectively belong to [X] ∈ ΞM? and [ω] ∈ ΩM?.
Let ∇ be the LC connection corresponding to (Df ,g) and ∇F be the twisted LC connection
corresponding to g?. The induced twisted second fundamental form and LC connection on the
family of submanifolds Mc are II
F
? := pr⊥? ◦∇F |Ξt?⊗?Ξt? : Ξt?⊗ ?Ξt? → Ξ⊥? and ∇Ft :=
prt? ◦∇F |Ξt?⊗Ξt? : Ξt?⊗Ξt? → Ξt? respectively; the latter yields the curvature RFt? via (52). We
now summarize results of Propositions 3, 12 and 13 in [31]. As gFt = gt, also the twisted
second fundamental form, curvature, Ricci tensor and Ricci scalar on M are UkF -invariant and
coincide with the undeformed ones as elements
IIF = II ∈ (Ωt ⊗ Ωt⊗Ξ⊥)[[ν]], RFt = Rt ∈ (Ωt⊗Ω2t ⊗ Ξt)[[ν]],
RicFt = Rict ∈ (Ω⊗Ω)[[ν]], RFt = Rt ∈ X .
(75)
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Hence gt? = 〈 · ⊗? · ,gFt 〉? : Ξt? ⊗? Ξt? → X?, IIF? = 〈 · ⊗? · , IIF〉? : Ξt? ⊗? Ξt? → Ξ⊥?,
RFt?= 〈 · ⊗? · ⊗? · ,RFt 〉? : Ξt?⊗?Ξt?⊗?Ξt? → Ξt?, RicFt? = 〈 · ⊗? · ,RicFt 〉? : Ξt?⊗?Ξt? → X?, are
UkF -equivariant maps, and for all X,Y, Z ∈ Ξt? they actually reduce to
gt?(X,Y ) = gt
(F1 . X,F2 . Y ) , RFt?(X,Y, Z) = Rt(F1 . X,F2 . Y,F3 . Z) ,
IIF? (X,Y ) = II
(F1 . X,F2 . Y ) , RicFt?(X,Y ) = Rict(F1 . X,F2 . Y ) , (76)
where F1⊗F2⊗F3 is the inverse of (23); these maps are left (resp. right) X?-linear in the first
(resp. last) argument, ‘middle’ X?-linear otherwise, in the sense gt?(X ?h, Y ) = gt?(X,h ? Y ),
etc. Furthermore, the following twisted Gauss equation holds for all X,Y, Z,W ∈ Ξt?
g? (R
F
? (X,Y, Z),W ) =g? (R
F
t?(X,Y, Z),W ) + g?
(
IIF? (X,R1 . Z), IIF? (R2 . Y,W )
)
− g?
(
IIF? (R1(̂1) . Y,R1(̂2) . Z), IIF? (R2 . X,W )
)
.
(77)
The twisted first and second fundamental forms, Levi-Civita connection, curvature tensor,
Ricci tensor, Ricci scalar on M are finally obtained from the above by applying the further
projection X? → XM? , which amounts to choosing the c = 0 manifold M out of the Mc family.
Of course, one can do the same on any other Mc.
2.3.2 Decompositions in bases of Ω?,Ξ?
Here we describe the decompositions eq.(72) in terms of bases or complete sets. Fix a (non-
degenerate) metric g on Rn. Let (x1, . . . , xn) be the Cartesian coordinates of Rn, {dxi}ni=1 the
induced basis of Ω and {∂i}ni=1 the dual basis of vector fields Ξ. In particular every vector field
decomposes as X = Xi∂i ∈ Ξ and every differential 1-form decomposes as ω = ωidxi ∈ Ω with
Xi, ωi ∈ X . Here and in the following we sum over repeated upper and lower indices (Einstein
sum convention). The metric components are denoted by gij = g(∂i, ∂j) and the components
of the inverse metric by gij = g−1(dxi,dxj). Using those components we can lower and raise
indices in the following way: dxi := gijdx
j , Yi := gijY
j , ∂i := gij∂j , etc. In particular
g =dxi⊗dxi,
g−1 =∂i⊗∂i,
g(X,Y ) =XiYi,
g−1(ω, η) =ωiηi.
(78)
Let E := Jg−1JT and D′f ⊂Df ⊂Rn be the subset where the symmetric k× k matrix E admits
the inverse K := E−1. If g is Riemannian then D′f =Df , because E is positive-definite in all of
Df ; in fact, so is g−1 in Rn, while the Jacobian matrix J := (fai ) is invertible in Df . Let
V a⊥ := f
ai∂i, N
a
⊥ := K
ab g−1(df b, dxi) ∂i = KabV b⊥, (79)
and, for all ω ∈ Ω, X ∈ Ξ,
ω⊥ := df
aKab g−1(df b, ω), X⊥ := g(X,Na⊥) E
abN b⊥, (80)
or, explicitly in terms of the decompositions ω = ωidx
i, X = Xi∂i,
ω⊥ = df
aKabf bhωh, X⊥ = X
ifai N
a
⊥ = g(X,U
a
⊥) U
a
⊥ (81)
(sum over repeated indices: h, i, j, ... run over 1, ..., n, while a, b, c, d, ... run over 1, ..., k).
We can summarize Proposition 8, the subsequent Remark and Proposition 14 in [31]
as follows: {V a⊥ }ka=1 is a basis of Ξ⊥?. N⊥ := {Na⊥}ka=1, B⊥ := {dfa}ka=1 are ?-dual bases of
Ξ⊥?,Ω⊥? (restricted to D′f ) respectively:
〈Na⊥, df b〉? = δab, a, b ∈ {1, ..., k}. (82)
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g−1? (dfa, df b) = Eab, g?(Na⊥, N b⊥) = Kab. There exists a symmetric k × k matrix H such that
Ua⊥ := Habf bi∂i, θa := Habdf b, (83)
make up ?-dual, othonormal (possibly up to signs a = ±1) bases {Ua⊥}ka=1, {θa}ka=1 of Ξ⊥?,Ω⊥?
respectively, in the sense
〈Ua⊥, θb〉? = δab, g?(Ua⊥, U b⊥) = aδab, g−1? (θa, θb) = aδab; (84)
(no sum over a); if g is Riemannian then H := E−1/2 and a = 1 for all a. The dfa, Na⊥, θa, Ua⊥
are UkF-invariant. On X ∈ Ξ?, ω ∈ Ω? the action of the projections pr⊥?, prt? explicitly reads
pr⊥?(X) = X⊥, pr⊥?(ω) = ω⊥, and prt?(X) = Xt = X − X⊥, prt?(ω) = ωt = ω − ω⊥; in
terms of the mentioned bases and twisted product, metric,
ω⊥ = df
a ? Kab ? g−1? (df b, ω) = g−1? (ω, dfa) ? Kab ? df b,
X⊥ = g?(X,N
a
⊥) ? E
ab ? N b⊥ = N
a
⊥ ? E
ab ? g?(N
b
⊥, X).
(85)
In proving proposition 14 of [31] an essential role is played by the Uk-invariance of dfa, Na⊥, θ
a, Ua⊥,
what implies that their star products with any function or star tensor product with any other
tensor boil down to the undeformed ones. An equivalent alternative to (85) is
ω⊥ = θ
a ? ζabg
−1
? (θ
b, ω) = g−1? (ω, θa)ζab ? θb,
X⊥ = g?(X,U
a
⊥)ζab ? U
b
⊥ = U
a
⊥ ? ζabg?(U
b
⊥, X).
(86)
where ζab := aδ
ab. By the ?-bilinearity of g? the above equations imply in particular
ω⊥ = df
a ? Kab ? g−1? (df b, dxi) ? ωˇi = ωˆi ? g−1? (dxi, dfa) ? Kab ? df b,
X⊥ = Xˆ
i ? g?(∂i, N
a
⊥) ? E
ab ? N b⊥ = N
a
⊥ ? E
ab ? g?(N
b
⊥, ∂i) ? Xˇ
i,
(87)
in terms of the left and right decompositions ω = ωˆi ? dx
i = dxi ? ωˇi ∈ Ω?, X = Xˆi ? ∂i =
∂i ? Xˇ
i ∈ Ξ? in the bases {dxi}ni=1, {∂i}ni=1. One can decompose dfa, Na⊥, θa, Ua⊥ themselves in
the same way, if one wishes. If the metric is Euclidean (gij = δij) or Minkowski [gij = g
ij =
ηij = diag(1, ..., 1,−1)] one makes (87) more explicit replacing
g−1? (dxi, dfa) = g−1(dxi, dfa) = fai, g−1? (dfa, dxi) = fai,
g?(∂i, N
a
⊥) = g(∂i, N
a
⊥) = K
abf bi = K
ab ? f bi , g?(N
a
⊥, ∂i) = K
ab ? f bi .
(88)
The globally defined sets
Θt :=
{
ϑj
}n
j=1
, SW := {Wj}nj=1 , with ϑj := prt(ξj), Wj := prt(∂j), (89)
are respectively complete in Ωt, Ξt, but are not bases, because of the linear dependence relations
ϑjfaj = 0, f
ajWj = 0, a = 1, ..., k. (90)
In the case k = 1 alternative complete sets (of globally defined vector fields) in Ξt are
SV := {Vj}nj=1 , SL := {Lij}ni,j=1 , where Vj := (f ifi)∂j−fjV⊥, Lij := fi∂j−fj∂i. (91)
In fact, both Vj , Lij manifestly annihilate f ; SV is complete because it is SW rescaled by the
factor f ifi, while SL is because Vj = f
iLij . Clearly Lij = −Lji, so at most n(n−1)/2 of the
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Lij (e.g. those with i < j) are linearly independent over R (or C). Obviously both SV , SL are
of rank n−1 over X ; they are respectively characterized by the dependence relations
f iVi = 0, f[iLjk] = 0 (92)
(square brackets enclosing indices mean a complete antisymmetrization of the latter). The Lij
are independent of the metric and antihermitean under the ∗-structure L∗ij = −Lij . By an
explicit computation we find that their Lie brackets are
[Lij , Lhk] = fjhLik − fihLjk − fjkLih + fikLjh. (93)
In the general k case the globally defined vector fields
Li1i2...ik+1 := f
1
[i1
f2i2 ...f
k
ik
∂ik+1] (94)
are antihermitean, fulfill Li1i2...ik+1f
a = 0 for all a=1, ..., k, are completely antisymmetric with
respect to (i1, i2, ..., ik+1), and make up a set SL complete (over X ) in Ξt independent of the
metric. The Li1i2...ik+1 with i1 < i2 < ... < ik+1, or a subset thereof, are linearly independent
over C, but in general linearly dependent over X?, because fa[jLi1i2...ik+1] = 0 for all a.
By the previous propositions, every complete set of Ξt, e.g. Θt, is also a complete set of
Ξt?; similarly, every complete set of Ωt, e.g. SV , or SL, is also a complete set of Ωt?.
3 Twisted algebraic submanifolds of Rn
3.1 General features
We can apply the whole machinery developed in the previous chapter to twist deform algebraic
manifolds embedded in Rn provided we adopt X = Pol•(Rn), etc. everywhere. We can assume
without loss of generality that the fa be irreducible polynomial functions6. It is interesting to
ask for which algebraic submanifolds Mc ⊂ Rn the infinite-dimensional Lie algebra Ξt admits a
nontrivial finite-dimensional subalgebra g over R (or C), so that we can build concrete examples
of twisted Mc by choosing a twist F ∈ (Ug ⊗ Ug)[[ν]] of a known type. If Mc are manifestly
symmetric under a Lie group7 K, then such a g exists and contains the Lie algebra k (if M is
maximally symmetric then k is even complete - over X - in Ξt). In general, given any set S of
vector fields that is complete in Ξt the question is whether there exist combinations of them
(with coefficients in X ) that close a finite-dimensional Lie algebra g.
Here we answer this question in the simple situation where k = 1 and the Lij themselves
close a finite-dimensional Lie algebra g. This means that in (93) fij =const, hence f(x) is a
quadratic polynomial, and M is either a quadric or the union of two hyperplanes (reducible
6If for some a = 1, ..., k fa is reducible, i.e. fa(x) = ga(x)ha(x) with ga, ha ∈ X of positive degree, then
M = Mg ∪Mh, where the manifolds Mg,Mh are defined by the equations fh(x) = 0 if h 6= a and ga(x) = 0 or
ha(x) = 0, respectively. In the case k = 1, f(x) = g(x)h(x), we find
Lij = h(x)[gi∂j − gj∂i] + g(x)[hi∂j − hj∂i];
on Mg the second term vanishes and the first is tangent to Mg, as it must be; and similarly on Mh. Having assumed
the Jacobian everywhere of maximal rank Mg,Mh have empty intersection and can be analyzed separately. Otherwise
Lij vanishes on Mg ∩Mh 6= ∅ (the singular part of M), so that on the latter a twist built using the Lij will reduce
to the identity, and the ?-product to the pointwise product (see the conclusions).
7For instance, the sphere Sn−1 is SO(n) invariant; a cylinder in R3 is invariant under SO(2)×R; the hyperellipsoid
of equation (x1)2+(x2)2+2[(x3)2+(x4)2] = 1 is invariant under SO(2)× SO(2); etc.
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case); moreover g is a Lie subalgebra of the affine Lie algebra aff(n) of Rn. In the next
subsection we find some results valid for all n ≥ 3 drawing some general consequences from
the only assumptions X = Pol•(Rn) and g ⊂ aff(n); in particular, in sections 3.2.1, 3.2.2 we
show that the global description of differential geometry on Rn,Mc in terms of generators and
relations extends to their twist deformations, in such a way to preserve the subspaces of the
differential calculus algebras consisting of polynomials of any fixed degrees in the coordinates
xi, differential dxi and vector fields chosen as generators. In section 4 we shall analyze in detail
the twisted quadrics embedded in R3.
3.2 Algebraic submanifolds of Rn of codimension 1: the quadrics
If f is a polynomial of degree two then there are real constants aµν = aνµ (µ, ν = 0, 1, ..., n)
such that
f(x) ≡ 1
2
aijx
ixj + a0ix
i +
1
2
a00 = 0; (95)
hence fi = aijx
j+ai0, all fij = aij are constant, and (93) has already the desired form
[Lij , Lhk] = ajhLik − aihLjk − ajkLih + aikLjh, (96)
i.e. the Lij span a finite-dimensional Lie algebra g over R. This is a Lie subalgebra of the
affine Lie algebra of Rn, because all Lih. act as linear transformations of the coordinates xk:
Lij . x
h = (aixx
k+a0i)δ
h
j − (ajxxk+aj0)δhi (97)
Let r := rank(aµν). To identify g for irreducible f ’s (r > 2)
8 we note that by a suitable
Euclidean transformation (this will be also an affine one) one can always make the xi canonical
coordinates for the quadric, so that aij = aiδij (no sum over i), bi := a0i = 0 if ai 6= 0, and
coordinates are ordered so that
a1 > 0, ..., al > 0, al+1 < 0, ..., am < 0,
{
am+1 = 0,
bm+1 < 0,
...,
{
an = 0,
bn < 0,
(98)
with l ≤ m ≤ n; moreover, if m<n one can make a00 = 0 by translation of a xj with j >m.
The associated new Lij (which are related to the old by a linear transformation) fulfill
[Lij , Lhk] = aj [δjhLik−δjkLih]− ai[δihLjk−δikLjh]. (99)
It is easy to check that r = n+1 if m=n, r = m+2 if m<n. One can always make a1 = 1 by
replacing f 7→ f/a1; one can make also the other nonzero ai’s in (99) be ±1 by the rescalings
xi 7→ yi := |ai|1/2xi of the corresponding coordinates (another affine transformation). So the
associated new Lij fulfill (99) with the ai ∈ {−1, 0, 1}. Then:
• If k > j > m (what is possible only if m < n−1), then [Ljk, Lhi] = 0. Hence the center
Z(g) of g is trivial if m= n, n−1; otherwise it contains all such Ljk = a0j∂k−a0k∂j , and
Z(g)'Rn−m−1; a basis of Z(g) is B = {L(m+1)(m+2), L(m+2)(m+3), ..., L(n−1)n}.
• The Lij with j >m span an ideal I(g) ⊃ Z(g) of g, because (99) becomes [Lij , Lhk] =
ai[δihLkj−δikLhj ]; adding the m(n−m) elements Lij with i ≤ m<j to B one obtains a
basis of I(g), hence dim[I(g)] = m(n−m) + (n−m−1)θ(n−m−1). I(g) is a nilpotent
Lie subalgebra, the radical R(g) (the largest solvable ideal) of g.
8If all aij vanish, but at least one a0i does not then r = 1, M is a (hyper)plane, and rhs(96) vanishes; one can
choose (n−1) independent Lij or Vj such that all the others can be written as their combinations with constant
coefficients: i.e. g ∼ Rn−1 is the abelian group of translations in the (hyper)plane. r = 2 corresponds to a reducible
f , i.e. two (hyper)planes.
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• Finally, the Lij with i < j ≤ m make up a basis of a m(m−1)/2-dimensional simple
Lie-subalgebra gs ' so(l,m−l), in view of the signs of ai, aj .
Summing up, the Levi decomposition of g becomes g ' so(l,m−l)×R.
The cones, which in the y coordinates are represented by the homogeneous equations
f(y) := (y1)2 + ...+ (yl)2 − (yl+1)2 − ...− (yn)2 = 0,
strictly speaking are not encompassed in the above analysis because the Jacobian matrix
(fi)(y) vanishes at the apex y = 0 (the only singular point). They are algebraic varieties that
are limits of the hyperboloids fc(y) = 0 as c → 0. If we omit the apex, a cone becomes a
disconnected union of two nappes (which are open in Rn), and g is spanned not only by the
Lij , but also by the central antihermitean element η = x
i∂i + n/2 generating dilatations; note
that all of them vanish on the apex. Hence g ' so(l, n−l) × R in this case.
We note that, if we endow Rn with the Euclidean metric, the metric matrix gij = δij is
not changed by the above Euclidean changes of coordinates, because the Euclidean group is
the isometry group H of Rn, whereas its nonzero (diagonal) elements are rescaled if we rescale
xi 7→ |ai|1/2xi. Similarly, if we endow Rn with the Minkowski metric, Euclidean changes of
coordinates involving only the space ones, or a translation of the time coordinate, do not alter
the metric matrix gij = ηij .
3.2.1 Twisted differential calculus on Rn in terms of generators and relations
Let us we abbreviate ξi := dxi. We name differential calculus algebra on Rn the unital
associative ∗-algebra Q• over C generated by hermitean elements {1, xi, ξi, i∂i}ni=1 fulfilling
1ηi − ηi = ηi1− ηi = 0, for ηi = xi, ξi, ∂i
xixj − xjxi = 0,
ξixj − xjξi = 0,
(100)
∂i∂j − ∂j∂i = 0,
∂jξ
i − ξi∂j = 0,
ξiξj + ξjξi = 0,
∂ix
j − δji 1− xj∂i = 0.
(101)
The x0 ≡ 1, xi, ξi, ∂i play respectively the role of the unit, of Cartesian coordinate functions
on Rn, of differentials dxi of xi, of partial derivatives ∂/∂xi with respect to xi. This is the
adaptation of the definition of Q• in the smooth context (sections 3.1.3, 3.2.3 in [31]) to the
polynomial one: the relations in the first two lines define the algebra structure of X , the other
ones determine the relations (113-114) of [31] for the current choice of X and of the pair {ξi},
{∂i} of dual frames. The xµ (µ = 0, ..., n) span the fundamental module (Mˇ, τ) of Uaff(n)
(the invariant element 1 itself spans a 1-dim, non-faithful submodule), the ξi span a related
module (M, τ), the ∂i the contragredient one (M∨, τ∨). More precisely they are related by
g . 1 = ε(g)1,
g . xi = xµτˇµi(g) =: xjτ ji(g) + 1τˇ0i(g),
g . ξi = ξjτ ji(g),
g . ∂i = τ
∨ji(g)∂j = τ ij(Sg)∂j ;
(102)
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the first relation and g .x0 = xµτˇµ0(g) imply τˇµ0(g) = ε(g)δµ0. We encompass these Uaff(n)-
modules into a single one (M˜, ρ) spanned by (a0, a1,..., a3n) ≡ (1, x1, ..., xn, ξ1, ..., ξn, ∂1, ..., ∂n).
All are trivially also Ug-modules; also g is, under the adjoint action. Of course, this Uaff(n)
action is compatible with the relations (100-101); the ideal I generated by their left-hand sides
in the free ∗-algebra Af generated by {a0, a1, ..., a3n} is Uaff(n)-invariant. The Uaff(n)-action
is also compatible with the invariance of the exterior derivative, because g . ξi = d(g . xi).
In the Q• framework Xh = hX+X(h) is the inhomogeneous first order differential operator
sum of a first order part (the vector field hX) and a zero order part (the multiplication operator
by X(h)); it must not be confused with the product of X by h from the right, which is equal
to hX and so far has been denoted in the same way. In the Q• framework we denote the latter
by X / h (of course (X / h)(h′) = X(h′)h = hX(h′), X / (hh′) = hh′X remain valid).
When choosing a basis B of Q• made out of monomials in these generators, relations
(100-101) allow to order them in any prescribed way; in particular we may choose
B :=
{
β~p,~q,~r := (ξ1)p1 ...(ξn)pn(x1)q1 ...(xn)qn∂r11 ...∂
rn
n | ~p ∈ {0, 1}n, ~q, ~r ∈ Nn0
}
(we define β
~0,~0,~0 := 1). The ∗-algebra structure of Q• is compatible with the form grading \
\
(
β~p,~q,~r
)
= p, p :=
n∑
i=1
pi, q :=
n∑
i=1
qi, r :=
n∑
i=1
ri (103)
and the one ] defined by ]
(
β~p,~q,~r
)
= q−r (p, q, r are the total degrees in ξi, xi, ∂i respectively).
Fixing part or all of p, q, r we obtain the various relevant Uaff(n) modules or module subal-
gebras or X -bimodules: Λ•,Λp,Ω•,Ωp, .... For instance the exterior algebra Λ• is generated
by the ξi alone (q = r = 0) and its \ = p component is the Uaff(n)-submodule of exterior
p-forms Λp; by (101)3 dim(Λ
p) =
(
n
p
)
; in particular this is zero for p > n, 1 for p = n, and
Λ• =
⊕n
p=0 Λ
p. Let X q be the component of X of degree q, and X˜ q := ⊕qh=0X q (i.e. X q, X˜ q
consist resp. of homogeneous and inhomogenous polynomials in xi of degree q); X = ⊕∞q=0X q
is trivially a filtered algebra X = ⊎∞q=0 X˜ q. Let D be the unital subalgebra generated by the
∂i alone, Dr its component of degree r, and D˜r :=
⊕r
h=0Dr; then D =
⊕∞
r=0Dr is trivially a
filtered algebra D = ⊕∞r=0 D˜r. Finally, let
Qpqr := ΛpX˜ qD˜r. (104)
By (102) the Uaff(n) action maps Λp, X˜ q,Dr into themselves, and all Qpqr are Uaff(n)-∗-
modules. By (100-101), D˜rX˜ q′ = X˜ q′D˜r, whence
QpqrQp′q′r′ ⊆ Q(p+p′)(q+q′)(r+r′) (105)
(this multiplication rule would not hold if we had defined Qpqr :=ΛpX qDr, because, DrX q′ 6=
X q′Dr). A basis of Qpqr is Bpqr := {β~p,~q,~r | p =
n∑
i=1
pi,
n∑
i=1
qi ≤ q,
n∑
i=1
ri ≤ r}. Q• is graded
by p and filtered by both q, r; it decomposes as
Q• =
n⊕
p=0
∞⊎
q=0
∞⊎
r=0
Qpqr. (106)
Choosing a twist F based on Uaff(n) (in particular, on Ug) and setting (27) for all a, b ∈ Q•
one makes Q• into a Uaff(n)F -module (resp. UgF -module) algebra Q•? with grading \ (whereas
the grading ] is not preserved). In the appendix we prove
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Proposition 2 The vector fields ∂′i :=S(β) . ∂i=τ
ij(β)∂j are the ?-dual ones to the ξ
i = dxi;
under the Uaff(n) (and Ug) action they transform according to g . ∂′i = τ
ij [SF(g)]. The
polynomials relations (100-101) are deformed into the ones
1 ? ηi − ηi = ηi ? 1− ηi = 0, for ηi = xi, ξi,
xi ? xj − xν ? xµRµνij = 0,
ξi ? xj − xν ? ξhRhνij = 0,
ξi ? ξj + ξk ? ξhRhkij = 0,
(107)
1 ? ∂′i − ∂′i = ∂′i ? 1− ∂′i = 0,
∂′i ? ∂
′
j −Rijhk∂′k ? ∂′h = 0,
∂′i ? ξ
j −Rhijkξh ? ∂′k = 0,
∂′i ? x
j − δji 1−Rµijkxµ ? ∂′k = 0.
(108)
where Rµνij := (τ
µi⊗τνj)(R). Defining Qpqr? := Λp?X˜ q? D˜r?, we find not only Q•? = Q•[[ν]], but
that for all p, q, r ∈ N0 also
Qpqr? = Qpqr[[ν]] (109)
hold as equalities of C[[ν]]-modules. A basis Bpqr? of Qpqr? is obtained replacing all products in
the definition of Bpqr by ?-products. Q•? is graded by p, filtered by both q, r, and
Q•? =
n⊕
p=0
∞⊎
q=0
∞⊎
r=0
Qpqr? , Qpqr? ?Qp
′q′r′
? ⊆ Q(p+p
′)(q+q′)(r+r′)
? . (110)
Q•? is a UgF-module ∗-algebra with the Qpqr? as ∗-submodules, if F is either real or unitary;
correspondingly the involution is the undeformed one ∗, respectively is given by (34), i.e.
1∗? = 1, xi ∗? = xµτˇµi[S(β)] , ξi ∗? = ξkτki[S(β)] , ∂′i
∗? = −τ ik(β−1) ∂ˆ′k. (111)
In the Q•? framework X ? h = (R1 . h) ? (R2 .X) +X?(h), while so far it stood just for the ?-
product of the vector field X by the function h from the right, i.e. for the first term at the rhs;
denoting the latter by X /? h := (R1.h)?(R2.X), we can abbreviate X?h = X /? h+X?(h).
Of course (X /? h)?(h
′) = [X?(R1 . h′)] ? (R2 . h), (X /? h) /? h′ = X /? (h ? h′) remain valid.
These results are the strict analogs of their untwisted counterparts. Relation (109) is
much stronger than the equality of infinite-dimensional C[[ν]]-modules Q•? = Q•[[ν]]; it implies
dim
(Qpqr? ) = dim(Qpqr) over C[[ν]], so that the Hilbert-Poincare´ series of the p-graded and
(q, r)-filtered algebras Q•?,Q•[[ν]] coincide. In particular, p=r=0 yields dim
(X˜ q? ) = dim(X˜ q).
The UaffF -equivariant relations (107-108) definingQ•? have the same form (see e.g. formulae
(1.10-15) in [25]) as the quantum group equivariant ones defining the differential calculus
algebras on the celebrated ‘quantum spaces’ introduced in [21]. The relations, among (107-
108), that involve only the generators xi, ∂′j of the twisted Heisenberg algebra on Rn (the p = 0
component of Q•?) were already determined in [22, 23], while (109) extends results of [27].
3.2.2 Twisted differential calculus on a quadric by generators and relations
Assume now that M ⊂ Rn is the algebraic manifold defined by a single polynomial equation
(95) f(x) = 0. Chosen a basis {e1, ..., eB} of g (e.g. consisting of Lij), on Df ⊆ Rn one can
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use S′ ≡ {e1, ..., eB, eB+1 = V⊥}, instead of S ≡ {∂1, ..., ∂n}, as a complete set of vector fields
in Ξ. They fulfill the following commutation relations with the coordinates
V⊥x
h − xhV⊥ − f i = 0, eαxh − xheα − xµτˇµh(eα) = 0, α = 1, ..., B (112)
and the remaining relations of the type eq. (113) in [31], i.e.∑A
α=1 t
α
l eα = 0, l = 1, ..., B + 1− n,
eαeβ − eβeα − Cγαβ eγ = 0,
eαξ
i − ξieα = 0,
(113)
with suitable tal , C
γ
αβ ∈ X . For instance, if S ≡ {Lij , V⊥} then the dependence relations in the
first line amount to (92), while the commutation relations in the second line have constant Cγαβ
and amount to (96) for α, β ≤ B. For brevity we collectively rename 1, x1, ..., xn, ξ1, ..., ξn, e1, ..., eB
as a0, a1, ..., aN ; we denote as A′• the free algebra generated by a0, ..., aN , and as A′pqr the
subspace consisting of polynomials in the aA of degree q in the xi, of degree r in the eα and
homogeneous of degree p in the ξi. Clearly
A′pqrA′p′q′r′ ⊆ A′(p+p′)(q+q′)(r+r′). (114)
A′• is graded by p and filtered by both q, r; it decomposes as
A′• =
∞⊕
p=0
∞⊎
q=0
∞⊎
r=0
A′pqr. (115)
For all c ∈ R denote as {fJc (a0, ..., aN )}J∈J the set of polynomial functions at the lhs of (113),
(100) , (112) involving only eα with α ≤ B, together with
fc ≡ f(x)−c = 0,
df(x) ≡ ξhfh = 0,
(116)
which are (95) and its exterior derivative. Let IMc be the ideal generated by all the fJc (a) in
A′•. We define the differential calculus algebra on Mc as the quotient
Q•Mc := A′•/IMc . (117)
IpqrMc := IMc ∩ A′pqr is a subspace of A′pqr. The quotient subspaces QpqrMc := A′pqr/IpqrMc fulfill
QpqrMcQp
′q′r′
Mc
⊆ Q(p+p′)(q+q′)(r+r′)Mc (118)
because of the equations fJc (a) = 0, in particular because x
µτˇµh(eα) in (112) are polynomial
functions of first degree in xi. Q•Mc is graded by p and filtered by both q, r; it decomposes as
Q•Mc =
n−1⊕
p=0
∞⊎
q=0
∞⊎
r=0
QpqrMc . (119)
By (102), (113)2 the a
i span a (reducible) Ug-∗-module. Hence A′•, which is generated by
them, is a Ug-module ∗-algebra, and the A′pqr are Ug-∗-submodules. It is immediate to check
that also the fJc (a) span a (reducible) Ug-∗-module,
[fJc (a)]
∗ = fJc (a), g . f
J
c (a) =
∑
J ′∈J
fJ
′
c (a)τ
J
J ′(g), (120)
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more precisely g . f c = ε(g)f c, while more generally g . fJc (a) is a numerical combination
of the fJ
′
c (a) appearing in the same equation where f
J
c (a) appears, e.g. g . (ξ
iξj + ξjξi) =
(ξhξk + ξkξh)τhi(g(1))τ
kj(g(2)). Therefore IMc is a Ug-∗-module, and Q•Mc is a Ug-module
∗-algebra as well; moreover IpqrMc ⊂ IMc and QpqrMc ⊂ Q•Mc are Ug ∗-submodules as well.
Eq. (102) and (120) with a twist F ∈Ug⊗ Ug[[ν]] imply that:
1. A′•? is a UgF -module ∗?-algebra; each component A′pqr? consisting of polynomials in the
aA of degree q in the xi, of degree r in the eα and homogeneous of degree p in the ξ
i is a
UgF -∗?-submodule; A′pqr? = A′pqr[[ν]], A′•? = A′•[[ν]] hold as equalities of C[[ν]]-modules.
2. For all J ∈J, α, α′∈A′•[[ν]], β, β′∈IMc [[ν]], also
fJc (a) ? α, α ? f
J
c (a), β ? α, α ? β, (α+ β) ? (α
′ + β′)− α ? α′
belong to IMc [[ν]]; if the twist F is either real or unitary then also [fJc (a)]∗? , β∗? do.
Therefore IMc? := IMc [[ν]] is a two-sided (∗?-)ideal of A′•?. For each component IpqrMc? :=
IMc? ∩ A′pqr? we find IpqrMc? = IpqrMc [[ν]]. IMc? and IpqrMc? are UgF -∗?-submodules.
This leads to the following
Proposition 3 For all c ∈ Df Q•Mc? := A′•?/IMc? defines a UgF-module ∗?-algebra, which
we shall name twisted differential calculus algebra on Mc; taking the quotient commutes with
deforming the product:
Q•Mc? := A′•?/IMc? = (A′•/IMc)?. (121)
All components QpqrMc? := A′pqr? /IpqrMc? (p, q, r ∈ N0) are UgF-∗?-submodules. Q•Mc? is graded by
p, filtered by both q, r, and
Q•Mc? =
n⊕
p=0
∞⊎
q=0
∞⊎
r=0
QpqrMc?, QpqrMc? ?Qp
′q′r′
Mc? ⊆ Q(p+p
′)(q+q′)(r+r′)
? . (122)
Q•Mc? = Q•Mc [[ν]] and
QpqrMc? = QpqrMc [[ν]] (123)
hold for all p, q, r ∈ N0 as equalities of C[[ν]]-modules. The set of characterizing polynomial
relations fJc (a) = 0 is equivalent to the set of relations fˆ
J
c (a?) = 0 consisting of (107) and other
relations of the same degrees in xi, ξi, eα (α ≤ B) as their undeformed counterparts. From any
basis BpqrMc of QpqrMc consisting of polynomials in xi, ξi, eα one can obtain a basis BpqrMc? of QpqrMc?
consisting of ?-polynomials of the same degrees. If F is either real or unitary, Q•Mc? is a UgF-
module ∗-algebra with the QpqrMc? as ∗-submodules. If F is real the involution is undeformed
∗. If F is unitary the involution is given by (34), i.e. on ξi, xi ∗? acts as in (111), while
L∗?ij = −τ ih
(
β(1)
)
τ jk
(
β(2)
)
Lhk (this differs from L
∗
ij = −Lij).
These results are the strict analog of their undeformed counterparts. Relation (123) is much
stronger than the equality of infinite-dimensional C[[ν]]-modules Q•Mc? = Q•Mc [[ν]]; it implies
dim
(QpqrMc?) = dim(QpqrMc ) over C[[ν]], so that the Hilbert-Poincare´ series of Q•Mc?,Q•Mc [[ν]]
coincide. In particular, setting p=r=0, we find dim
(X˜ q? ) = dim(X˜ q).
In section 4 we explictly determine all of the relations fˆJc (a?) = 0 in the specific case of
some deformed quadrics in R3.
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4 The quadrics in R3
Using the notions and results presented in the previous sections, here we study in detail twist
deformations of the quadric surfaces in R3. As usual, we identify two quadric surfaces if they
can be translated into each other via an Euclidean transformation. This leads to nine classes
of quadrics, identified by their equations in canonical (i.e. simplest) form. These are plot
in fig. 2 and summarized in Table 1, together with their rank, the associated symmetry Lie
algebra g, and the type of twist deformation we perform. These classes make up 7 families
of submanifolds, differing by the value of c. In fact classes (f), (g), (h) altogether give a
single family: (f) consists of connected manifolds, the 1-sheeted hyperboloids; (g), (h) of
two-component manifolds, the 2-sheeted hyperboloids and the cone, which has two nappes
separated by the apex (a singular point); all are closed, except the cone. For all families,
except (i) (consisting of ellipsoids), we succeed in building Ug-based Drinfel’d twists of either
abelian or Jordanian type (depending on the coefficients of the normal form) and through
the latter in creating explicit twist deformations. We devote a subsection to each of the
remaining six families of quadrics, and a proposition to each twist deformation; propositions
are proved in the appendix. Throughout this section the star product X ? h of a vector field
X by a function h from the right is understood in the Q?,QMc? sense (see section 3.2.1)
X ? h = X /? h+X?(h) ≡ (R1 . h) ? (R2 . X) +X?(h).
a1 a2 a3 a03 a00 r quadric g ' Abelian Jordanian
(a) + 0 0 − 3 parabolic cylinder h(1) Yes No
(b) + + 0 − 4 elliptic paraboloid so(2)nR2 Yes No
(c) + + 0 0 − 3 elliptic cylinder so(2)×R
2
so(2)× R
Yes
Yes
No
No
(d) + − 0 − 4 hyperbolic paraboloid so(1,1)nR2 Yes Yes
(e) + − 0 0 − 3 hyperbolic cylinder so(1,1)×R
2
so(1,1)×R
Yes
Yes
Yes
No
(f) + + − 0 − 4 1-sheet hyperboloid so(2, 1) No Yes
(g) + + − 0 + 4 2-sheet hyperboloid so(2, 1) No Yes
(h) + + − 0 0 3 elliptic cone† so(2,1)×R Yes† Yes
(i) + + + 0 − 4 ellipsoid so(3) No No
Figure 1: Overview of the quadrics in R3: signs of the coefficients of the equations in canonical
form (if not specified, all a00 ∈ R are possible), rank, associated symmetry Lie algebra g, type of
twist deformation; h(1) stands for the Heisenberg algebra. For fixed ai each class gives a family
of submanifolds Mc parametrized by c, except classes (f), (g), (h), which altogether give a single
family; so there are 7 families of submanifolds. We can always make a1 = 1 by a rescaling of f .
The † reminds that the cone (e) is not a single closed manifold, due to the singularity in the apex;
we build an abelian twist for it using also the generator of dilatations.
4.1 (a) Family of parabolic cylinders: a2 =a3 =a01 =a02 =0
Their equations in canonical form are parametrized by c, b≡a03 ∈ R and read
fc(x) :=
1
2
(x1)2 − bx3 − c = 0. (124)
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For every fixed b, {Mc}c∈R is a foliation of R3. The Lie algebra g is spanned by the vector
fields L12 = x
1∂2, L13 = x
1∂3 + b∂1, L23 = b∂2, which fulfill
[L23, g] = 0, [L13, L12] = L23. (125)
Clearly, g ' h(1), the Heisenberg algebra. The actions of the Lij on the xh, ξh, ∂h are
L12 . x
i = δi2x
1, L13 . x
i = δi1b+ δ
i
3x
1, L23 . x
i = δi2b,
L12 . ξ
i = δi2ξ
1, L13 . ξ
i = δi3ξ
1, L23 . ξ
i = 0,
L12 . ∂i = −δi1∂2, L13 . ∂i = −δi1∂3, L23 . ∂i = 0;
(126)
the commutation relations [Lij , x
h] = Lij . x
h, [Lij , ∂h] = Lij . ∂h, [Lij , ξ
h] = 0 hold in Q•.
Proposition 4 F = exp(iνL13⊗L23) is a unitary abelian twist inducing the following twisted
deformations of Ug, of Q• on R3 and of Q•Mc on the parabolic cylinders (124). The UgF counit,
coproduct, antipode on the {Lij}1≤i<j≤3 coincide with the undeformed ones, except
∆F(L12) = L12 ⊗ 1+ 1⊗ L12 + iνL23 ⊗ L23, SF(L12) = −L23 + iνL223. (127)
The twisted star products and Lie brackets of the Lij coincide with the untwisted ones. The
twisted star products of the Lij with the x
i, ξi ≡ dxi, ∂i, and those among the latter, equal their
undeformed counterparts, except L12 ? x
2 = L12x
2 − iνb L23,
x1 ? x2 = x1x2 − iνb2, x3 ? x2 = x2x3 − iνbx1,
ξ3 ? x2 = ξ3x2 − iνb ξ1, ∂1 ? x2 = ∂1x2 + iνb∂3.
Hence the ?-commutation relations of the UgF-equivariant ∗-algebra Q•? read
x2 ? x1 = x1 ? x2 + iνb2, x3 ? x1 = x1 ? x3, x3 ? x2 = x2 ? x3 − iνb x1,
xi ? ξj = ξj ? xi + δi2 δ
j
3 iν b ξ
1, ξi ? ξj + ξj ? ξi = 0, ∂i ? ξ
j = ξj ? ∂i,
∂j ? x
i = δij1+ x
i ? ∂j + δ1jδ
i
2 iνb ∂3, ∂i ? ∂j = ∂j ? ∂i,
L12 ? x
2 = x2 ? L12 − iνb L23, Lij ? xh = xh ? Lij + Lij . xh otherwise,
Lij ? ∂h = ∂h ? Lij + Lij . ∂h, Lij ? ξ
h = Lij ? ξ
h.
(128)
In terms of star products L12 = x
1 ? ∂2, L13 = x
1 ? ∂3 + b∂1, L23 = b∂2. Also the relations
characterizing the UgF-equivariant ∗-algebra Q•Mc?, i.e. equation (124), its differential and the
linear dependence relations, keep the same form:
fc(x) ≡ 1
2
x1 ? x1 − bx3 − c = 0, dfc ≡ x1 ? ξ1 − b ξ3 = 0, ijkfi ? Ljk = 0. (129)
The ∗-structures on UgF , Q•?,Q•Mc? remain undeformed.
Alternatively, one could twist everything by the unitary abelian twist F = exp(iνL12 ⊗ L23).
4.2 (b) Family of elliptic paraboloids: a2 > 0, a3 = 0, a03 < 0
Their equations in canonical form are parametrized by a = a2, c = −a00 ∈ R, b = −a3 ∈ R+
and read
fc(x) :=
1
2
[
(x1)2 + a(x2)2
]− bx3 − c = 0. (130)
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(a) Parabolic cylinder with a02 = −1
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(d) Elliptic cone with a1 = −a3 = 2, a2 = 12
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(e) One-sheet elliptic hyperboloid with a1 =
1
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(f) Two-sheet elliptic hyperboloid with a1 = 8, a2 =
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(g) Elliptic paraboloid with a1 = 1, a2 = 2
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(h) Hyperbolic paraboloid with a1 = 2, a2 = −1
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(i) Ellipsoid with a1 = 8, a2 =
1
2 , a3 = 2
Figure 2: The irreducible quadric surfaces of R3
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For every fixed a, b, {Mc}c∈R is a foliation of R3. The vector fields L12 = x1∂2 − ax2∂1,
L13 = x
1∂3 + b∂1, L23 = ax
2∂3 + b∂2 fulfill
[L12, L13] = −L23, [L12, L23] = aL13, [L13, L23] = 0. (131)
Clearly, g ' so(2)×R2. The actions of the Lij on the xh, ξh, ∂h are given by
L12 . ∂i = δi2a ∂1 − δi1∂2, L12 . ui = δi2u1 − δi1a u2, for ui = xi, ξi, (132)
L13 . ∂i = −δi1∂3, L13 . xi = δi3x1 + bδi1, L13 . ξi = δi3ξ1,
L23 . ∂i = −δi2a∂3, L23 . xi = δi3ax2 + bδi2 L23 . ξi = δi3aξ2;
(133)
the commutation relations [Lij , x
h] = Lij . x
h, [Lij , ∂h] = Lij . ∂h, [Lij , ξ
h] = 0 hold in Q•.
Proposition 5 F = exp(iνL13⊗L23) is a unitary abelian twist inducing the following twisted
deformation of Ug, of Q• on R3 and of Q•Mc on the elliptic paraboloids (130). The UgF counit,
coproduct, antipode on the {Lij}1≤i<j≤3 coincide with the undeformed ones, except
∆F(L12) = L12 ⊗ 1+ 1⊗ L12 + iν (L23 ⊗ L23 − aL13 ⊗ L13) ,
SF(L12) = −L12 + iν
(
L223 − aL213
)
.
(134)
The twisted star products and Lie brackets of the {Lij}1≤i<j≤3 coincide with the untwisted ones
except L12?L12 = L
2
12+iνaL23L13. The twisted star products of the Lij with the x
i, ξi ≡ dxi, ∂i,
and those among the latter, equal their undeformed counterparts, except
L12 ? u
3 = L12u
3 − iνaL23u2, u3 ? L12 = u3L12 + iνa u1L13,
L12 ? x
2 = L12x
2 − iνbL23 x1 ? L12 = x1L12 + iνabL13,
L12 ? ∂2 = L12∂2 + iνaL23∂3, ∂1 ? L12 = ∂1L12 − iνa ∂3L13,
x1 ? x2 = x1x2 − iνb2, x1 ? x3 = x1x3 − iνabx2,
x3 ? x3 = x3x3 − iνax1x2 − ab2 ν22 , x3 ? x2 = x3x2 − iνbx1,
x1 ? ξ3 = x1ξ3 − iνabξ2, x3 ? ξ3 = x3ξ3 − iνa x1ξ2,
ξ3 ? x2 = ξ3x2 − iνbξ1, ξ3 ? x3 = ξ3x3 − iνa ξ1x2,
ξ3 ? ξ3 = −iνaξ1ξ2, ∂1 ? ∂2 = ∂1∂2 − iνa ∂3∂3,
x1 ? ∂2 = x
1∂2 + iνab∂3, x
3 ? ∂2 = x
3∂2 + iνa x
1∂3,
∂1 ? x
2 = ∂1x
2 + iνb∂3, ∂1 ? x
3 = ∂1x
3 + iνa ∂3x
2,
(135)
where ui = xi, ξi. Hence the ?-commutation relations of the UgF-equivariant algebra Q? read
x1 ? x2 = x2 ? x1 − iνb2, x1 ? x3 = x3 ? x1 − iνab x2, x2 ? x3 = x3 ? x2 + iνb x1,
xi ? ξj = ξj ? xi + iνδj3
(
ξ1 ? (aδi3x
2 + bδi2)− ξ2 ? (δi3x1 + bδi1)a
)
,
ξi ? ξj + ξj ? ξi = −δj3 δi3 i2νa ξ1 ? ξ2, ∂i ? ∂j = ∂j ? ∂i − δ1i δ2j iνa ∂3 ? ∂3,
∂j ? x
i = δij1+ x
i ? ∂j + iν
(
δj1(aδ
i
3x
2 + bδi2)− aδj2(δi3x1 + bδi1)
)
? ∂3,
∂i ? ξ
j = ξj ? ∂i + δ
i
3iνa (δ1jξ
2 − δ2jξ1) ? ∂3,
(136)
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while those among the tangent vectors Lij and the generators x
i, ξi, ∂i read
L12 ? x
i = L12 . x
i + xi ? L12 − iνb (aδi1L13 + δi2L23 + aδi3)− iνaδi3 (x1 ? L13 + x2 ? L23),
L12 ? ξ
i = ξi ? L12 − iνaδi3 (ξ1 ? L13 + ξ2 ? L23),
L12 ? ∂i = L12 . ∂i + ∂i ? L12 + iνa ∂3 ? Li3,
Lj3 ? x
i = Lj3 . x
i + xi ? Lj3, Lj3 ? ξ
i = ξi ? Lj3, j = 1, 2,
Lj3 ? ∂i = Lj3 . ∂i + ∂i ? Lj3, j = 1, 2.
(137)
In terms of star products L12 = ∂2 ? x
1 − ax2 ? ∂1, L13 = x1 ? ∂3 + b∂1, L23 = ax2 ? ∂3 + b∂2.
Also the relations characterizing the UgF-equivariant ∗-algebra Q•Mc?, i.e. equation (130), its
differential and the linear dependence relations keep the same form
fc(x) ≡ 1
2
(x1?x1+ax2?x2)−bx3−c = 0, df ≡ ξ1?x1+a ξ2?x2−bξ3 = 0, ijkfi ? Ljk = 0.(138)
The ∗-structures on UgF , Q•?,Q•Mc? remain undeformed.
4.3 (c) Family of elliptic cylinders: a2> 0, a3 =a0i=0, a00<0
Their equations in canonical form are parametrized by c, a ≡ a2 ∈ R+ and read
fc(x) :=
1
2
[
(x1)2 + a(x2)2
]− c = 0. (139)
For every a > 0, {Mc}c∈R+ is a foliation of R3 \~z, where ~z is the axis x1 =x2 =0. Eq. (139) can
be obtained from the one (130) characterizing the elliptic paraboloids (b) setting b = 0. Hence
also the tangent vector fields Lij , their commutation relations, their actions on the x
h, ξh, ∂h,
the commutation relations of the Lij with the x
h, ξh, ∂h can be obtained from the ones of case
(b) by setting b = 0. The Lij fulfill again (131), so that g ' so(2)×R2. Hence we can deform
all the objects with the same abelian twist as in (b), and obtain the corresponding results:
Proposition 6 F = exp(iνL13 ⊗ L23) is a unitary abelian twist inducing the twisted defor-
mation of Ug, of Q• on R3 and of Q•Mc on the elliptic cylinders (139) which is obtained by
setting b = 0 in Proposition 5.
This is essentially the same as Proposition 15 in [31]. Alternatively, as a complete set in
Ξt instead of {L12, L13, L23} we can use St = {L12, ∂3}, which is actually a basis of Ξt; the Lie
algebra g ' so(2)× R generated by the latter is abelian; the relevant relations are (132)b=0,
L12 . ∂i = δi2a ∂1 − δi1∂2, L12 . ui = δi2u1 − δi1a u2, for ui ∈ {xi, ξi}, (132)b=0
and
∂3 . x
i ≡ ∂3(xi) = δi31, ∂3 . ∂i = [∂3, ∂i] = 0, ∂3 . L12 = [∂3, L12] = 0. (140)
We correspondingly adopt the unitary abelian twist F = exp(iν∂3 ⊗ L12).
Proposition 16 in [31]. F = exp(iν∂3⊗L12) is a unitary abelian twist inducing the following
twist deformation of Ug, of Q• on R3 and of Q•Mc on the elliptic cylinders (139). The UgF
counit, coproduct, antipode on {∂3, L12} coincide with the undeformed ones. The twisted star
products and Lie brackets of {∂3, L12} coincide with the untwisted ones. The twisted star
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products of ∂3, L12 with x
i, ξi ≡ dxi, ∂i, and those among the latter, equal their untwisted ones,
except
x3 ? x1 =x1x3 + iνax2,
x3 ? ξ1 =x3ξ1 + iνaξ2,
x3 ? ∂1 =x
3∂1 + iν∂2,
x3 ? x2 =x2x3 − iνx1,
x3 ? ξ2 =x3ξ2 − iνξ1,
x3 ? ∂2 =x
3∂2 − iνa∂1.
Hence the ?-commutation relations of the UgF-equivariant algebra Q? read
xi ? xj =xj ? xi + iνδi3(δ
j
1ax
2 − δj2x1)− iνδj3(δi1ax2 − δi2x1),
xi ? ξj =ξj ? xi + iνδi3(δ
j
1aξ
2 − δj2ξ1),
xi ? ∂j =− δij1+ ∂j ? xi + iνδi3(δj1∂2 − δj2a∂1),
ξi ? ξj =− ξj ? ξi,
ξi ? ∂j =∂j ? ξ
i,
∂i ? ∂j =∂j ? ∂i.
(141)
In terms of star products L12 = x
1 ? ∂2 − ax2 ? ∂1. Also the relations characterizing the
UgF-equivariant ∗-algebra Q•Mc?, i.e. equation (139), its differential and the linear dependence
relations, keep the same form:
fc(x) ≡ 1
2
(x1?x1 + ax2?x2)− c = 0, dfc ≡ ξ1?x1 + a ξ2?x2 = 0, ijkfi ? Ljk = 0. (142)
The ∗-structures on UgF , Q•?,Q•Mc? remain undeformed.
4.3.1 Circular cylinders embedded in Euclidean R3
If a1 = a2 = 1, i.e. fc(x) =
1
2
[
(x1)2 + (x2)2
] − c = 0 and we endow R3 with the Euclidean
metric (circular cylinder of radius R =
√
2c), then S := {L, ∂3, N⊥} is an orthonormal basis
of Ξ alternative to S′ := {∂1, ∂2, ∂3} and such that St := {L, ∂3}, S⊥ := {N⊥} are orthonormal
bases of Ξt, Ξ⊥ respectively; here L := L12/R, N⊥ = f
i∂i/R = (x
1∂1 + x
2∂2)/R. The Killing
Lie algebra k is abelian and spanned (over R) by St. ∇XY = 0 for all X,Y ∈S′, whereas the
only non-zero∇XY , with X,Y ∈ S are
∇LL = − 1
R
N⊥, ∇LN⊥ = 1
R
L, ∇N⊥L =
1
R
L, ∇N⊥N⊥ =
1
R
N⊥. (143)
The second fundamental form II(X,Y ) = (∇XY )⊥, X,Y ∈ Ξt, is thus explicitly given by
II(X,Y ) = −X˜ Y˜
R
N⊥; (144)
here we are using the decomposition Z = Z˜L+Z3∂3 of the generic Z ∈ Ξt. Thus II is diagonal
in the basis St, with diagonal elements (i.e. principal curvatures) κ1 = 0, κ2 = −1/R. Hence
the Gauss (i.e. intrinsic) curvature K = κ1κ2 vanishes; Rt = 0 easily follows also from R = 0
using the Gauss theorem. The mean (i.e. extrinsic) curvature is H = (κ1 +κ2)/2 = −1/2R.
The Levi-Civita covariant derivative ∇t on Mc is the tangent projection of ∇
∇t,XY = prt(∇XY ) = ∇XY − II(X,Y ) = ∇XY + X˜ Y˜ N⊥/R.
The deformation via the abelian twist F = exp(iν∂3 ⊗ L12) ∈ Uk⊗ Uk[[ν]] yields
∇FX = ∇X ∀X ∈ S ∪ S′ = {∂1, ∂2, ∂3, L,N⊥}, (145)
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∇Ft,XY = prt(∇XY ) = ∇t,XY ∀X,Y ∈ St = {∂3, L}, (146)
because ∂3 commutes with all such X, so that F1 . X ⊗ F2 = X ⊗ 1, and the projections
pr⊥, prt, stay undeformed, as shown in Proposition 7. Eq. (145-146) determine ∇FXY for all
X,Y ∈ Ξ? and ∇Ft,XY = ∇t,XY for all X,Y ∈ Ξt? via the function left ?-linearity in X and
the deformed Leibniz rule for Y . The twisted curvatures RF ,RFt vanish, by Theorem 7 in [2].
Furthermore,
IIF? (X,Y )
(76)
= II(F−11 BX,F−12 B Y )N⊥ = II(X,Y ) (147)
for all X,Y ∈ St, leading to the same principal curvatures κ1 = 0, κ2 = 1/R, Gauss and
mean curvatures as in the undeformed case.
4.4 (d) Family of hyperbolic paraboloids: a2, a03 < 0, a3 = 0
Their equations in canonical form are parametrized by a = −a2, b = −a03 > 0, c = −a00 ∈ R
and read
fc(x) :=
1
2
[
(x1)2 − a(x2)2]− bx3 − c = 0. (148)
For all fixed a, b > 0, {Mc}c∈R is a foliation of R3. The Lie algebra g is spanned by the vector
fields L12 = x
1∂2 + ax
2∂1, L13 = x
1∂3 + b∂1, L23 = b∂2 − ax2∂3, which fulfill
[L12, L13] = −L23, [L12, L23] = −aL13, [L13, L23] = 0, (149)
whence g ' so(1, 1)×R2. The abelian twist deformation is entirely similar to the one of (b):
just replace a by −a in the equations of Proposition 5.
In addition, there is also a Jordanian twist deformation on the hyperbolic paraboloid which
we are going to discuss in detail. The tangent vector fields H = − 2√
a
L12, E = L13 +
1√
a
L23,
E′ = L13 − 1√aL23 fulfill the commutation relations
[H,E] = 2E, [H,E′] = −2E′, [E,E′] = 0. (150)
To compute the action of F on functions it is convenient to adopt the eigenvectors of H
y1 = x1 −√ax2, y2 = x1 +√ax2, y3 = x3, (151)
as new coordinates. In fact, H B yi = λiyi with λ1 = 2, λ2 = −2 and λ3 = 0. Abbreviating
∂˜i =
∂
∂yi
, the inverse coordinate and the partial derivatives transformations read
x1 = 12(y
1 + y2), ∂˜1 =
1
2(∂1 − 1√a∂2), ∂1 = ∂˜1 + ∂˜2,
x2 = 1
2
√
a
(y2 − y1), ∂˜2 = 12(∂1 + 1√a∂2), ∂2 =
√
a(∂˜2 − ∂˜1),
x3 = y3, ∂˜3 = ∂3, ∂3 = ∂˜3.
(152)
In the new coordinates fc(y) =
1
2y
1y2 − by3 − c and
H = 2(y1∂˜1 − y2∂˜2), E = y1∂˜3 + 2b∂˜2, E′ = y2∂˜3 + 2b∂˜1.
The actions of H,E,E′ on coordinate functions, differential forms ηi = dyi and vector fields
are given by for all 1 ≤ i ≤ 3
H B yi =λiyi,
H B ηi =λiηi,
H B ∂˜i =− λi∂˜i,
E B yi =δi3y1 + 2bδi2,
E B ηi =δi3η1,
E B ∂˜i =− δi1∂˜3,
E′ B yi =δi3y2 + 2bδi1,
E′ B ηi =δi3η2,
E′ B ∂˜i =− δi2∂˜3.
(153)
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Proposition 7 F = exp[H/2 ⊗ log(1 + iνE)] is a unitary Jordanian twist inducing the fol-
lowing twisted deformation of Ug, of Q• on R3 and of Q•Mc on the hyperbolic paraboloid. The
UgF coproduct, antipode on {H,E,E′} read
∆F(H) = ∆(H)− iν H ⊗ E
1+ iνE
, SF(H) = S(H)− iνHE,
∆F(E) = ∆(E) + iνE ⊗ E, SF(E) = S(E)
1+ iνE
∆F(E
′) = ∆(E′)− iνE′ ⊗ E
1+ iνE
, SF(E
′) = S(E′)− iνEE′
(154)
The ∗-structures on UgF , Q•?,Q•Mc? remain undeformed apart from (y2)∗? = y2 + 2iνb and
(∂˜1)
∗? = −∂˜1 + iν∂˜3. The twisted star products of {H,E,E′} coincide with the untwisted
ones, except
E ? H = EH + 2iνE2, E′ ? H = E′H + 2iνE2. (155)
The twisted star products of H,E,E′ with yi, ηi, ∂˜i equal the untwisted ones, except
E ? yi = Eyi − iνE(2bδi2 + y1δi3),
E ? η3 = Eη3 − iνEη1,
E ? ∂˜1 = E∂˜1 + iνE∂˜3,
E′ ? yi = E′yi + iνE′(2bδi2 + y1δi3),
E′ ? η3 = E′η3 + iνE′η1,
E′ ? ∂˜1 = E′∂˜1 − iνE′∂˜3,
yi ? H = yiH − 2iν(δi2 − δi1)yiE,
ηi ? H = ηiH − 2iν(δi2 − δi1)ηiE,
∂˜i ? H = ∂˜iH − 2iν(δi1 − δi2)∂˜iE;
(156)
the twisted star products among yi, ηi, ∂˜i equal the untwisted ones, except
yi ? yj = yiyj + iν(δi2 − δi1)yi(2bδj2 + δj3y1),
yi ? ∂˜1 = y
i∂˜1 + iν(δ
i
1 − δi2)yi∂˜3,
∂˜i ? y
j = ∂˜iy
j + iν(δ1i − δ2i )∂˜i(2bδj2 + δj3y1),
∂˜1 ? ∂˜1 = ∂˜1∂˜1 − iν∂˜1∂˜3,
η2 ? η3 = η2η3 + iνη2η1,
yi ? η3 = yiη3 + iν(δi2 − δi1)yiη1,
ηi ? ∂˜1 = η
i∂˜1 + iν(δ
i
1 − δi2)ηi∂˜3,
∂˜i ? η
3 = ∂˜iη
3 + iν(δi1 − δi2)∂˜iη1,
∂˜2 ? ∂˜1 = ∂˜1∂˜2 + iν∂˜2∂˜3,
ηi ? yj = ηiyj + iν(δi2 − δi1)ηi(2bδj2 + δj3y1).
(157)
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Hence the ?-commutation relations of the UgF-equivariant algebra Q? read
y1 ? y2 = y2 ? y1 − 2biνy1,
yi ? y3 = y3 ? yi + iν(δi2 − δi1) yi ? y1, for i = 1, 2
y1 ? ηj = ηj ? y1 − iνδj3η1 ? y1,
y2 ? ηj = ηj ? y2 + 2iνb(δj1 − δj2)ηj + iνδj3η1 ? (y2 + 2iνb1),
y3 ? ηj = ηj ? y3 + iν(δj1 − δj2)ηj ? y1,
∂˜i ? y
1 = δ1i 1+ y
1 ? ∂˜i − iνδ1i y1 ? ∂˜3,
∂˜i ? y
2 = δ2i 1+ y
2 ? ∂˜i + iνδ
1
i y
2 ? ∂˜3 + 2iνb(δi1 − δi2)∂˜i,
∂˜i ? y
3 = δ3i 1+ y
3 ? ∂˜i + iν(δ
1
i − δ2i ) y1 ? ∂˜i + iνδ1i + ν2δ1i y1 ? ∂˜3,
ηi ? ηj = −ηj ? ηi + iν(δi3δj1 − δj3δi1)η1 ? η2,
∂˜j ? η
i = ηi ? ∂˜j + iν[δ
1
j (δ
i
2 − δi1)ηi ? ∂˜3 + δi3(δ1j − δ2j )η1 ? ∂˜j − iνδi3δ1j η1 ? ∂˜3]
∂˜i ? ∂˜j = ∂˜j ? ∂˜i + iν(δi2δj1 − δj2δi1)∂˜2 ? ∂˜3
(158)
and
H ? yi = yi ? H + λiy
i + 2iν(δi2 − δi1) yi ? E,
H ? ηi = ηi ? H + 2iν(δi2 − δi1) ηi ? E,
H ? ∂˜i = ∂˜i ? H − λi∂˜i + 2iν(δ1i − δ2i ) ∂˜i ? E,
E ? yi = E B yi + yi ? E − iν(2bδi2 + y1δi3) ? E,
E ? ηi = ηi ? E − iνδi3 η1 ? E,
E ? ∂˜i = E B ∂˜i + ∂˜i ? E + iνδ1i ∂˜3 ? E,
E′ ? yi = E′ B yi + yi ? E′ + iν[(2bδi2 + y1δi3) ? E′ + 2bδi3],
E′ ? ηi = ηi ? E′ + iνδi3 η1 ? E′,
E′ ? ∂˜i = E′ B ∂˜i + ∂˜i ? E′ − iνδ1i ∂˜3 ? E′,
(159)
In terms of star products
H =2
(
y1 ? ∂˜1 − y2 ? ∂˜2 − iνy1 ? ∂˜3
)
, E = y1 ? ∂˜3 + 2b∂˜2, E
′ = y2 ? ∂˜3 + 2b∂˜1
and the relations characterizing the UgF-equivariant ∗-algebra Q•Mc? become
f(y) =
1
2
y2 ? y1 − by3, df = 1
2
(y2 ? η1 + y1 ? η2), ijkfi ? Ljk = 0. (160)
4.5 (e) Family of hyperbolic cylinders: a2< 0, a3 =a0µ=0
Their equations in canonical form are parametrized by c, a ≡ −a2 ∈ R+ and read
fc(x) :=
1
2
[
(x1)2 − a(x2)2]− c = 0 (161)
For every a > 0, this equation with c = 0 singles out a variety pi consisting of two planes
intersecting along the ~z-axis; {Mc}c∈R+ is a foliation of R3 \ pi. The case c < 0 is reduced
to the case c > 0 by a pi/2 rotation around the ~z-axis. Eq. (161) can be obtained from the
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one (148) characterizing the hyperbolic paraboloids (d) setting b = 0. Hence also the tangent
vector fields Lij (or equivalently H,E,E
′), their commutation relations, their actions on the
xh, ξh, ∂h (or equivalently on the y
h, ηh = dyh, ∂˜h defined by (151-152)), the commutation
relations of the Lij with the x
h, ξh, ∂h can be obtained from the ones of case (d) by setting
b = 0. The Lij fulfill again (149), or equivalently (150), so that g ' so(1, 1)×R2.
Proposition 8 F = exp(iνL13 ⊗ L23) is a unitary abelian twist inducing the twisted defor-
mation of Ug, of Q• on R3 and of Q•Mc on the hyperbolic cylinders (161) that is obtained by
replacing a 7→ −a in Proposition 16 in [31], section 4.3.
We can also deform everything with the same Jordanian twist as in (d):
Proposition 9 F = exp[H/2⊗ log(1+iνE)] is a unitary Jordanian twist inducing the twisted
deformation of Ug, of Q• on R3 and of Q•Mc on the hyperbolic cylinders (161) that is obtained
by setting b = 0 in Proposition 7.
4.6 (f-g-h) Family of hyperboloids and cone: a2,−a3 > 0
Their equations in canonical form are parametrized by a = a2, b = −a3 > 0, c = −a00 (c > 0,
c < 0 resp. for the 1-sheet and the 2-sheet hyperboloids, c = 0 for the cone) and read
fc(x) :=
1
2
[(x1)2 + a(x2)2 − b(x3)2]− c = 0. (162)
For all a, b > 0, {Mc}c∈R\{0} is a foliation of R3 \M0, where M0 is the cone of equation f0 = 0
(see section 4.6.2). The Lie algebra g is spanned by L12 = x
1∂2 − ax2∂1, L13 = x1∂3 + bx3∂1,
L23 = ax
2∂3 + bx
3∂2, which fulfill [L12, L13] = −L23, [L12, L23] = aL13, [L13, L23] = bL12.
Setting H := 2√
b
L13, E :=
1√
a
L12 +
1√
ab
L23 and E
′ := 1√
a
L12 − 1√abL23, we obtain
[H,E] = 2E, [H,E′] = −2E′, [E,E′] = −H, (163)
showing that the corresponding symmetry Lie algebra is g ' so(2, 1). The commutation
relations [Lij , x
h] = Lij . x
h, [Lij , ∂h] = Lij . ∂h, [Lij , ξ
h] = 0 hold in Q•. To compute the
action of F on functions it is convenient to adopt the eigenvectors of H
y1 = x1 +
√
bx3, y2 = x2, y3 = x1 −
√
bx3, (164)
as new coordinates; the eigenvalues are λ1 = 2, λ2 = 0 and λ3 = −2. Abbreviating
ηi := dyi, ∂˜i :=
∂
∂yi
, ∂˜2 := ∂˜2, ∂˜
1 := 2a ∂˜3, ∂˜
3 := 2a ∂˜1
the inverse coordinate and the partial derivative transformations read
x1 = 12(y
1 + y3), ∂˜1 =
1
2
(
∂1 +
1√
b
∂3
)
= 12a ∂˜
3, ∂1 = ∂˜1 + ∂˜3,
x2 = y2, ∂˜2 = ∂2 = ∂˜
2, ∂2 = ∂˜2,
x3 = 12
1√
b
(y1 − y3), ∂˜3 = 12
(
∂1 − 1√b∂3
)
= 12a ∂˜
1, ∂3 =
√
b
(
∂˜1 − ∂˜3
)
.
(165)
In the new coordinates,
(
∂˜i
)∗
= −∂˜i, fc(y) = 12y1y3 + a2 (y2)2 − c and
H = 2y1∂˜1 − 2y3∂˜3, E = 1√
a
y1∂˜2 − 2
√
ay2∂˜3, E
′ =
1√
a
y3∂˜2 − 2
√
ay2∂˜1. (166)
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The actions of H,E,E′ on any ui ∈ {yi, ∂˜i, ηi} read
H B ui = λiui, E B ui = δi2
1√
a
u1 − 2δi3
√
au2, E′ B ui = δi2
1√
a
u3 − 2δi1
√
au2. (167)
Proposition 17 in [31]. F = exp(H/2 ⊗ log(1 + iνE)) is a unitary twist inducing the
following twisted deformation of Ug, of Q• on R3 and of Q•Mc on the hyperboloids or cone
(162). The UgF coproduct, antipode on {H,E,E′} are given by
∆F(E) = ∆(E) + iνE ⊗ E, ∆F(H) = ∆(H)− iνH ⊗ E
1+ iνE
,
∆F(E
′) = ∆(E′)− iν
2
H ⊗
(
H+
iνE
1+iνE
)
1
1+iνE
−iνE′ ⊗ E
1+iνE
− ν
2
4
H2 ⊗ E
(1+iνE)2
(168)
SF(H) =S(H)(1+ iνE), SF(E) =
S(E)
1+ iνE
,
SF(E
′) =S(E′)(1+iνE)− iν
2
H(1+iνE)
(
H+
iνE
1+iνE
)
+
ν2
4
H(1+iνE)HE.
(169)
The twisted star products of {H,E,E′} coincide with the untwisted ones, except
E ? H = EH + 2iνE2, E′ ? H = E′H − 2iνE′E,
E ? E′ = EE′ + iνEH − 2ν2E2, E′ ? E′ = (E′)2 − iνE′H.
(170)
The twisted star products of ui = yi, ηi, ∂˜i with vj = yj , ηj , ∂˜j and with H,E,E′ are given by
ui ? vj = uivj + iν(δi3 − δi1)ui
(
1√
a
δj2v
1 − 2√aδj3v2
)
+ δi1δ
j
32ν
2u1v1,
H ? ui = Hui, ui ? H = uiH + 2iν
(
δi1 − δi3
)
uiE,
ui ? E = uiE, E ? ui = Eui + iνE
(
2δi3
√
au2 − 1√
a
δi2u
1
)
+ 2ν2δi3Eu
1,
E′ ? ui = E′ui + iν
(
1√
a
δi2E
′u1 − 2√aδi3E′u2
)
,
ui ? E′ = uiE′ + iν
(
δi1 − δi3
)
uiH − 2iνδi1u1E.
(171)
Hence the ?-commutation relations of the UgF-equivariant algebra Q? read as follows:
u1?u2 = u2?u1− iν√
a
u1?u1, u1?u3 = u3?u1+2iν
√
a u2?u1+2ν2u1?u1,
u2?u3 = u3?u2− iν√
a
u3?u1, u1?η1 = η1?u1, u1?η2 = η2?u1 − iν√
a
η1?u1,
u1?η3 = η3?u1 + 2iν
√
a η2?u1+2ν2η1?u1, u2?η1 = η1?u2 + iν√
a
η1?u1,
u2?η2 = η2?u2, u2?η3 = η3?u2 − iν√
a
η3?u1, u3?η1 = η1?u3 − 2iν√a η1?u2,
u3?η2 = η2?u3 + iν√
a
η1?u3 + 2ν2η1?u2,
u3?η3 = η3?u3 + 2iν
√
a
(
η3?u2 − η2?u3)+ 2ν2 η3?u1
(172)
for ui = yi, ∂˜i; the twisted wedge products fulfill
η1?η1 = 0, η2?η2 = 0, η3?η3 = 2iν
√
a η2?η3
η1?η2 + η2?η1 = 0, η1?η3 + η3?η1 = 2iν
√
a η1?η2, η2?η3 + η3?η2 = iν√
a
η3?η1,
(173)
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while the twisted Leibniz rule for the derivatives read
∂˜1?y1 = y1?∂˜1, ∂˜2?y1 = y1?∂˜2 + iν√
a
y1?∂˜1, ∂˜3?y1 = 2a+ y1?∂˜3 − i2ν√ay1?∂˜2,
∂˜1?y2 = y2?∂˜1 − iν√
a
y1?∂˜1, ∂˜3?y2 = y2?∂˜3 + i2ν
√
a+ iν√
a
y1?∂˜3 + 2ν2y1?∂˜2,
∂˜2?y2 = 1 + y2?∂˜2, ∂˜1?y3 = 2a+ y3?∂˜1 + i2ν
√
a y2?∂˜1 + 2ν2y1?∂˜1,
∂˜2?y3 = y3?∂˜2 − iν√
a
y3?∂˜1, ∂˜3?y3 = y3?∂˜3 + i2ν
√
a
(
y3?∂˜2 − y2?∂˜3)+ 2ν2 y3?∂˜1.
(174)
The ?-commutation relations between generators of Q? and the tangent vectors H,E,E′ are
ui ? H = H ? ui − ϑλiui + 2iν
(
δi1 − δi3
)
ui ? E
u1 ? E = E ? u1, u2 ? E = E ? u2 − ϑ√
a
u1 + iν√
a
E ? u1,
u3 ? E = E ? u3 + 2ϑ
√
au2 − 2iν√aE ? u2,
u1 ? E′ = E′ ? u1 + 2ϑ
(√
au2 − iνu1)+ iνH ? u1 − 2iνE ? u1
u2 ? E′ = E′ ? u2 − ϑ√
a
u3 − iν√
a
E′ ? u1,
u3 ? E′ = E′ ? u3 − 2ϑiνu3 + 2iν√aE′ ? u2 − iνH ? u3 + 2ν2E′ ? u1,
(175)
where ϑ = 1 if ui = yi, ∂˜i, ϑ = 0 if ui = ηi. In terms of star products
H = 2(∂˜1 ? y
1 − 1− y3 ? ∂˜3),
E =
1√
a
∂˜2 ? y
1 − 2√ay2 ? ∂˜3,
E′ =
1√
a
∂˜2 ? y
3 − 2√ay2 ? ∂˜1.
(176)
The relations characterizing the UgF-equivariant ∗-algebra Q•Mc? become
0 = fc(y) ≡ 12y3 ? y1 + a2y2 ? y2 − c,
0 = dfc =
1
2(y
3 ? η1 + η3 ? y1) + ay2 ? η2,
0 = y3 ? E − y1 ? E′ −√a y2 ? H + iνy1 ? H − 2iν(1 + iν)y1 ? E.
(177)
The ∗-structures on UgF , Q•?,Q•Mc? remain undeformed except (u3)∗? = (u3)∗ − 2iν
√
a(u2)∗
for ui = yi, ηi, ∂˜i.
4.6.1 Circular hyperboloids and cone embedded in Minkowski R3
Let us now focus on the case 1 = a1 = a = b, i.e. f(x) =
1
2((x
1)2 + (x2)2 − (x3)2) − c.
This covers the circular cone and hyperboloids of one and two sheets. We endow R3 with the
Minkowski metric g := ηijdx
i⊗dxj = dx1⊗dx1+dx2⊗dx2−dx3⊗dx3, whence g(∂i, ∂j) = ηij .
g is equivariant with respect to Ug, where g ' so(2, 1) is the Lie ∗-algebra spanned by the
vector fields Lij , tangent to Mc = f
−1
c ({0}). As known, the induced metric on Mc (or first
fundamental form) gt := g ◦ (prt⊗prt) makes Mc Riemannian if c < 0, Lorentzian if c > 0,
whereas it is degenerate on the cone M0. Moreover,
II(X,Y ) = −−1
2c
g(X,Y )V⊥ ∀X,Y ∈ Ξt (178)
where V⊥ = fjη
ji∂i = x
i∂i; in particular, this implies the proportionality relation II(vα, vβ) =
− 12c gαβ V⊥ (here gαβ := g(vα, vβ)) between the matrix elements of II,gt in any basis St :=
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{v1, v2} of Ξt, and, applying the Gauss theorem, one finds the following components of the
curvature and Ricci tensors, Ricci scalar (or Gauss curvature) on Mc:
Rt
δ
αβγ =
gαγδ
δ
β − gβγδδα
2c
, Rictβγ = Rt
α
αβγ = −
gβγ
2c
, Rt = Rict
β
β = −
1
c
(179)
[we recall that by the Bianchi identity one can express the whole curvature tensor on a
(pseudo)Riemanian surface in terms of the Ricci scalar in this way, and that Rt
δ
αβγvδ =
Rt(vα, vβ, vγ)]. All diverge as c → 0 (i.e. in the cone M0 limit). Mc is therefore anti-de
Sitter space AdS2 if c > 0, the union of two copies of de Sitter space dS2 if c < 0. In appendix
B.7.2 we recall how these results can be derived. In terms of the yi coordinates and the tangent
vector fields H,E,E′ (162), (92) become the linear dependence relations y1y3 + (y2)2 = 2c
and y3E − y1E′ − y2H = 0, i.e. (177) for a = 1, ν = 0. At all points of Mc at least two
out of E,E′, H are non-zero (in the case c=0 we have already excluded the only point where
this does not occur, the apex) and make up another basis S′t = {1, 2} of Ξt. More precisely,
we can choose 1 := E, 2 := E
′ in a chart where y2 6= 0, 1 := E, 2 := H in a chart where
y1 6= 0, 1 := E′, 2 := H in a chart where y3 6= 0. One can use (178), (179) with each basis S′t;
gαβ stands for gαβ ≡ g(α, β), and these matrix elements are given in (199). Alternatively, we
can use the complete set Sct = {E,E′, H} on all of Mc, keeping in mind the mentioned linear
dependence relations.
We now analyze the effects on the geometry of the twist-deformation of Proposition 17 in
[31] restated above. The curvature (and Ricci) tensor on R3 remain zero. Moreover, eq. (75),
(76) apply; namely, on Mc the first and second fundamental forms, as well as the curvature
and Ricci tensor, remain undeformed as elements of the corresponding tensor spaces; only the
associated multilinear maps of twisted tensor products gt? : Ξt?⊗?Ξt? → X?, ..., ‘feel’ the twist
(compare also to [2] Theorem 7 and eq. 6.138). Also the Ricci scalar (or Gauss curvature) RFt
remains the undeformed one −1/c. By (76) the twisted counterpart of (178) becomes
IIF? (X,Y ) = −
1
2c
gt?(X,Y )V⊥ = − 1
2c
gt?(X,Y ) ? V⊥; (180)
the second equality holds because V⊥ is Uk-invariant. Similarly, by (76), (59)
RFt?(X,Y,Z) =
(R1.Y ) /? gt?(R2.X,Z)−X /? gt?(Y,Z)
2c
, RicFt?(Y,Z) = −
gt?(Y,Z)
2c
(181)
for all X,Y, Z ∈ Ξt?; the twisted counterpart of (179) is obtained choosing (X,Y, Z) =
(vα, vβ, vγ). Hence the matrix elements of II
F
? ,R
F
t?,Ric
F
t? in any basis S
′
t are obtained from
those of the twisted metric gt? on Mc. In the appendix we sketchily prove that on E,E
′, H
gt?(H,H) = −8y1y3, gt?(H,E) = −2y1y2, gt?(H,E′) = −2y2y3
gt?(E,E) = (y
1)2, gt?(E,E
′) = 2c+ (y2)2 − 2iνy1y2 − 2ν2(y1)2,
gt?(E,H) = −2y1y2 + 2iν(y1)2, gt?(E′, E) = 2c+ (y2)2,
gt?(E
′, E′) = (y3)2, gt?(E′, H) = −2y2y3 − 2iν[2c+ (y2)2] + 2iνy2y3.
(182)
Finally, we also show that the twisted Levi-Civita connection on E,E′, H gives
∇FEE = −2y1∂˜3, ∇FEE′ = −2y1∂˜1 − 2y2∂˜2 + 4iν∂˜3 + 4ν2y1∂˜3,
∇FEH = 4y2∂˜3 − 4iνy1∂˜3, ∇FE′E = −2y3∂˜3 − 2y2∂˜2,
∇FE′E′ = −2y3∂˜1 + 4iνy2∂˜1, ∇FE′H = −4y2∂˜1 + 4iν(y2∂˜2 + y3∂˜3),
∇FHE = 2y1∂˜2, ∇FHE′ = −2y3∂˜2, ∇FHH = 4y1∂˜1 + 4y3∂˜3.
(183)
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4.6.2 Additional twist deformation of the cone (h)
The equation of the cone M0 in canonical form is (162) with c = 0. In addition to the tangent
vector fields Lij or H,E,E
′ fulfilling (163) also the generator D = xi∂i = yi∂˜i of dilatations is
tangent to M0 (only), D ∈ ΞM0 , since D(f) = 2f ; furthermore it commutes with all Lij . Hence
the antihermitean elements H,E,E′,D span a Lie algebra g ' so(2, 1) × R. The actions of
H,E,E′ on QM are as in cases (e-f), while that of D is determined by
DB yi := [D, yi] = yi, DB ηi := d(DB yi) = ηi, DB ∂˜i := [D, ∂˜i] = −∂˜i. (184)
Therefore, we can build also abelian twist deformations of M0 of the form F = exp(iνD⊗ g),
g ∈ g. Here we choose g = L13√
b
= H2 , i.e. F = exp(iνD ⊗ H2 ). The cases with L23, L12 are
similar. Setting µ1 = 1 = −µ3 and µ2 = 0, for ui, vi ∈ {yi, ηi} we find
F(B⊗B)(ui ⊗ vj) =e−iνµjui ⊗ vj , F(B⊗B)(ui ⊗ ∂˜j) = eiνµjui ⊗ ∂˜j ,
F(B⊗B)(∂˜i ⊗ uj) =eiνµj ∂˜i ⊗ uj , F(B⊗B)(∂˜i ⊗ ∂˜j) = e−iνµj ∂˜i ⊗ ∂˜j .
Having this in mind, in the appendix we easily determine the twist deformed structures.
Proposition 10 F = exp(iνD⊗H/2) is a unitary abelian twist inducing the following twisted
deformation of Ug, of Q• on R3 and of Q•Mc on the cone M0. The UgF counit, coproduct,
antipode on {D, H,E,E′} coincide with the undeformed ones, except
∆F(E) = E ⊗ 1+ exp(iνD)⊗ E, SF(E) = −E exp(−iνD),
∆F(E
′) = E′ ⊗ 1+ exp(−iνD)⊗ E′, SF(E′) = −E′ exp(iνD).
(185)
The twisted star products among D, Lij coincide with the untwisted ones. The twisted star
products of D, Lij with u
i ∈ {yi, ηi}, ∂˜i coincide with the untwisted ones, except
ui ? E = e−iνuiE, ui ? E′ = eiνuiE′,
∂˜i ? E = e
iν ∂˜iE, ∂˜i ? E
′ = e−iν ∂˜iE′.
(186)
The twisted star products among yi, ηi, ∂˜i read
ui ? vj = e−iνµjuivj , ∂˜i ? ∂˜j = e−iνµj ∂˜i∂˜j ,
ui ? ∂˜j = e
iνµjui∂˜j , ∂˜i ? u
j = eiνµj ∂˜iu
j ,
(187)
with ui,vi∈{yi,ηi}. Hence the ?-commutation relations of the UgF-equivariant algebra Q? are
yi ? yj =eiν(µi−µj)yj ? yi,
yi ? ηj =eiν(µi−µj)ηj ? yi,
∂˜j ? y
i =eiνµiδij1+ e
iν(µi−µj)yi ? ∂˜j ,
ηi ? ηj =− eiν(µi−µj)ηj ? ηi,
ηi ? ∂˜j =e
−iν(µi−µj)∂˜j ? yi,
∂˜i ? ∂˜j =e
iν(µi−µj)∂˜j ? ∂˜i.
(188)
The ∗-structures on UgF , Q•?,QM? are undeformed, except
(∂˜i)
∗? = −e−iνµi ∂˜i, (ui)∗? = e−iνµiui, ui = yi, ηi,
which are nontrivial for i = 1 and i = 3. In terms of star products D =
∑3
i=1 e
−iνµiyi ? ∂˜i,
H = 2(e−iνy1 ? ∂˜1 − eiνy3 ? ∂˜3), E = e−iν√a y1 ? ∂˜2 − 2
√
ay2 ? ∂˜3, E
′ = e
iν√
a
y3 ? ∂˜2 − 2
√
ay2 ? ∂˜1,
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and the relations characterizing the UgF-equivariant ∗-algebra Q•Mc?, i.e. equation (162)c=0,
its differential and the linear dependence relations become
f(y) ≡ 1
2
e−iνy1 ? y3 +
a
2
y2 ? y2 = 0,
df ≡ 1
2
(eiνy3 ? η1 + e−iνy1 ? η3) + ay2 ? η2 = 0,
ijkLjk ? fi = 0
(189)
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A Real Nullstellensatz
First of all, we recall some basic notions and notation in algebraic geometry that we are using
in this subsection. In what follows we fix a ground field K of any characteristic (even though
we work only over real and complex fields, all the notions and definitions we are going to
review hold true in a much wider generality).
1. (Algebraic Sets [36, p. 2]) A subset of Kn is an algebraic set if it is defined as the set
of common solutions of a system of polynomial equations. By Hilbert basis theorem [44,
Theorem 3.3], agebraic sets can be also defined as
Z(I) := {x ∈ Kn | P (x) = 0, ∀P ∈ I},
where I denotes an ideal of the polynomial ring K[x1, . . . , xn].
2. (Zariski topology [36, p. 2]) The affine space Kn can be endowed with a topology, the so
called Zariski topology, where closed sets coincide with algebraic sets. In this section we
will equip algebraic sets with the induced topology.
3. (Algebraic, or affine, varieties) An algebraic variety is an irreducible algebraic set, i.e.
an algebraic set which is not the union of two proper (i.e. strictly contained) closed
subsets. It turns out [36, Exercise I.1.6] that a non empty open set of an affine variety
is irreducible.
4. (Decomposition of algebraic sets) An algebraic set M can be expressed uniquely as a
union of varieties, no one containing another [36, Corollary 1.6]. Such varieties are called
irreducible components of M .
5. (Radicals) For any ideal I ≤ K[x1, . . . , xn] the radical of I [44, p. 3], [32, §1.3] is the
ideal defined as
Rad(I) := {P ∈ K[x1, . . . , xn] : ∃k > 0 | P k ∈ I}.
A radical ideal is an ideal I s.t. I = Rad(I). By the very definition of prime ideal [44,
p. 2], any such an ideal is radical.
6. (Correspondence among varieties and prime ideals) An affine algebraic set is a variety if
and only if its ideal is a prime ideal [36, Corollary 1.4].
7. (Associated primes) Consider an algebraic set M = Z(I). An associated prime is a prime
ideal of K[x1, . . . , xn] which is the annihilator ann(x) of some element x ∈ K[x1,...,xn]I . It
turns out [44, §6] that there are two kinds of associated primes: minimal associated
primes (they are in one to one correspondence with the irreducible components of M),
and embedded associated primes (they have NOT a simple geometric interpretation).
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8. (Hilbert’s Nullstellensatz [44, §5]) Assume now K algebraically closed and define
I(S) := {P ∈ K[x1, . . . , xn] | P |S≡ 0 },
for any subset S ⊆ Kn. Then we have
I(Z(I)) = Rad(I), ∀I ≤ K[x1, . . . , xn].
A weak form of this result says that Z(I) 6= ∅, for any proper ideal I ≤ K[x1, . . . , xn] [32,
§1.7].
9. (Regular sequences) A set of polynomials P1, . . . , Pk form a regular sequence in
K[x1,...,xn]
I
[44, §16], if every Pi is not a zero divisor in K[x
1,...,xn]
(I,P1,...,Pi−1) .
10. (Cohen-Macaulay property [44, §17]) An affine variety M = Z(I), such that dimM = m,
is said Cohen-Macaulay at x ∈M if there is a regular sequence P1, . . . , Pm in K[x
1,...,xn]
I ,
such that Pi(x) = 0, ∀i. An affine variety M = Z(I) is said Cohen-Macaulay if it is
Cohen-Macaulay at any point.
Now consider an algebraic submanifold, i.e. a smooth algebraic variety, M ⊆ Rn, defined by
a system of polynomial equations (1), with f1, . . . , fk ∈ R[x1, . . . , xn]. Assume that dimM =
n − k. Then, the hypersurfaces defined by each of the equations in (1) meet transversally et
each point of M ; in other words, the Jacobian matrix is of rank k at each point of M . Consider
a further polynomial Q ∈ R[x1, . . . , xn] and assume that
Q |M≡ 0.
One may wonder whether the irreducibility in R[x1, . . . , xn] of each polynomial f1, . . . , fk is a
sufficient condition in order that Q lies in (f1, . . . , fk), the ideal generated by f1, . . . , fk. The
following example answers in the negative.
Example 1 Consider in R3 the variety defined by the system{
2x3 − y3 = 1
y = 1,
(190)
where the first equation represents a cubic cylinder C. Since the curve defined by
2x3 − y3 − z3 = 0
is smooth in P2C, the cylinder C is smooth and the polynomial 2x3 − y3 − 1 is irreducible in
R[x, y, z] (the same conclusion is obvious for y − 1). The real variety defined by (190) is the
line
l := {(1, 1, t) : t ∈ R},
which is obviously smooth. Furthermore, the equation of the tangent plane to the cilinder C at
the point (1, 1, t) ∈ l is 2(x − 1) − (y − 1) = 0, hence the intersection is transversal at each
point of l. On the other hand, the plane pi defined by x+ y − 2 = 0 contains l but
x+ y − 2 6∈ (2x3 − y3 − 1, y − 1),
since both 2x3− y3− 1 and y− 1 do vanish at the points (exp 23pii, 1, t), ∀t ∈ R, and conversely
x+ y − 2 does not.
In view of the previous example, it is interesting to ask for some sufficient condition in
order that Q ∈ (f1, . . . , fk). An answer is provided by Proposition 1, which we now prove.
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Proof of Proposition 1
Denote by
I := (f1, . . . , fk) · C[x1, . . . , xn] ≤ C[x1, . . . , xn]
the ideal of C[x1, . . . , xn] generated by f1, . . . , fk. Since we are assuming that the zero locus
of I is irreducible, there is only one minimal prime associated to the ideal I. The hypothesis
that the hypersurfaces corresponding to the generators of I meet transversally at M imply
that f1, . . . , fk form a regular sequence in C[x1, . . . , xn] [44, §16], hence the zero locus Z(I)
of I is a complete intersection, i.e. an affine variety defined as the intersection of as many
hypersurfaces as its codimension. This implies that Z(I) is Cohen-Macaulay, hence there is
no embedded associated prime [44, Theorem 17.3] and the ideal I is primary, i.e. there is only
one associated prime. Again, the hypothesis that the hypersurfaces defined by the equations
in (1) meet transversally et each point of M imply that I is a prime ideal in C[x1, . . . , xn].
On the other hand, by Hilbert’s Nullstellensatz [5, Exercise 7.14], [32, §1.7], [44, Theorem
5.4], the hypothesis Q |M≡ 0 amounts to
Q ∈ Rad(I) := {P ∈ C[x1, . . . , xn] : ∃n > 0 | Pn ∈ I} = I,
where Rad(I) denotes the radical of I [5, Exercise 1.12], [32, §1.3] and where the last equality
follows because I is prime. This shows that Q ∈ I ∩ R[x1, . . . , xn] = (f1, . . . , fk). Finally, for
a complex-valued h = Q1 + iQ2 vanishing on M both Q1, Q2 do, and therefore h belongs to
the complexification of (f1, . . . , fk).
As for the last statement, the projective closure X ⊆ PnC of the zero locus of (1) in PnC has
degree at least s. On the other hand, s is the maximum degree so X is a complete intersection
in PnC. Then, there cannot be other components and the variety defined by (1) is irreducible
in PnC. The statement follows at once, since a non-empty open set of an irreducible variety is
irreducible [36, Exercise I.1.6]. 
Remark 1 Consider an algebraic smooth hypersurface M , defined by a single equation f(x) =
0, with d := deg f . By the result above, in order that any polynomial h, such that h |M≡ 0, is
a multiple of f it suffices that there exists a line meeting M in d points.
B Proofs of sections 2, 3, 4
B.1 Proof of Proposition 2
Using the definition β := F1 · S(F2), a′ ? a = (R1 . a) ? (R2 . a′) and the relation
(SF ⊗ id)(R) = R21 = (id⊗ S−1F )(R). ⇒ (SF ⊗ SF)(R) = R, (191)
valid for all triangular Hopf algebra, one can prove relations (107-108) as follows:
xi?xj =
(R2 . xj) ? (R1 . xi) = xµ ? xν τˇµj (R2) τˇνi (R1) = Rνµij xh?xk,
xi?ξj =
(R2 . ξj) ? (R1 . xi) = ξh ? xk τhj (R2) τki (R1) = Rkhij ξh?xk,
ξi?ξj = −Rkhij ξh?ξk obtained from the previous one applying d
∂′i ? ∂
′
j =
[R2 . ∂′j] ? [R1 . ∂′i] = τ jh[SF(R2)] τ ik[SF(R1)] ∂′h ? ∂′k
(191)
= τ jh [R2] τ ik [R1] ∂′h ? ∂′k = Rijkh∂′h ? ∂′k,
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∂′i ? x
j (27)=
[F1 . ∂′i] [F2 . xj] = τ ik[βS(F1)] τˇµj[F2] ∂kxµ
= τ ik
[
βS
(F1)] [τˇ0j(F2)1∂k + τˇhj(F2) (δhk1+ xh∂k)]
= τ ik
[
βS
(F1)] [1τkj(F2)+ τˇµj(F2)xµ∂k]
(27)
= τ ij
[
βS
(F1)F2]1+ τ ik[βS(F1)] τˇµj(F2) (F1 . xµ) ? (F2 . ∂k)
= τ ij
[
βS
(F1)F2]1+ τˇµj[F1′F2] τ ik[βS(F2′F1)]xµ ? ∂k
= δij1+ τˇ
µj [R2] τ ik[βS(R1)]xµ ? ∂k = δij1+ τˇµj [R2] τ ik[SF(R1)β]xµ ? ∂k
= δij1+ τˇ
µj [R2] τ ik[SF(R1)]xµ?∂′k
(191)
= δij1+ τˇ
µj [R1] τ ik[R2]xµ?∂′k
= δij1+R
µi
jkx
µ ? ∂′k,
By (102) the action of either leg F1,F2 of the twist, or F1,F2 of its inverse, as well as
of any tensor factor in the (iterated) coproducts of F1,F2,F1,F2, maps every homogeneous
polynomial in ξi or ∂i into another one of the same degree, and every polynomial in x
i into
another one of the same degree: hence (109), (110) follow. Finally, the relations g . ∂′i =
τ ij [SF(g)]∂
′
j , (111) are straightforward consequences of (25), (34), (102):
g . ∂′i = gS(β) . ∂i = τ
ij [βS(g)]∂j = τ
ij [SF(g)β] ∂j = τ
ij [SF(g)] ∂
′
j
xi ∗? = S(β) . xi∗ = S(β) . xi = xµτˇµi [S(β)] ,
ξi ∗? = S(β) . ξi∗ = S(β) . ξi = ξkτki [S(β)] ,
∂′i
∗? = S(β) . [S(β) . ∂i]∗ = S(β)β∗ . ∂∗i = −S(β)S(β−1) . ∂i = −∂i = −τ ik
(
β−1
)
∂′k.
B.2 Proof of Proposition 3
All statements up to (123) and the statement that the ?-polynomials fˆJc (a?) have the same
degrees in xi, ξi, eα as the polynomials f
J
c (a) are straightforward consequences of (102) and of
what precedes the proposition. Under Ug the fi transform as the ∂i; in fact, since g.f = ε(g)f ,
we find g .fi = g . (∂if −f∂i) = (g .∂i)f −f(g .∂i) = τ ih(Sg)(∂hf −f∂h) = τ ih(Sg)fh. Hence
g . Lij = g . (fi∂j − fj∂i) = τ ih(Sg(1))τ jk(Sg(2))[fh∂k − fk∂h] = τ ih(Sg(1))τ jk(Sg(2))Lhk,
L∗?ij = −S(β) . Lij = −τ ih(β(1))τ jk(β(2))Lhk;
this can be computed more explicitly using the relation (see e.g. eq. (126) in [27])
∆(β) = F−1(β⊗β)[(S⊗S)F−121 ] = F−121 (β⊗β)[(S⊗S)F−1]. (192)
B.3 (a) Family of parabolic cylinders
Proof of Proposition 4
Since L13 and L23 are commuting anti-Hermitian vector fields it follows that F is a unitary
abelian twist on Ug. We find S(β) = exp(−iνL12L23), and
Ln13L12 = L12L
n
13 + nL23L
n−1
13
for all n > 0, since [L13, L12] = L23, [L13, L23] = 0. This implies
F(L12 ⊗ 1) =
∞∑
n=0
(iν)n
n!
Ln13L12 ⊗ Ln23
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=L12 ⊗ 1+
∞∑
n=1
(iν)n
n!
L12L
n
13 ⊗ Ln23 +
∞∑
n=1
(iν)n
n!
nL23L
n−1
13 ⊗ Ln23
=(L12 ⊗ 1)F + iν(L23 ⊗ L23)
∞∑
n=1
(iν)n−1
(n− 1)!L
n−1
13 ⊗ Ln−123
=(L12 ⊗ 1)F + iν(L23 ⊗ L23)F ,
∆F(L12) = F(L12 ⊗ 1+ 1⊗ L12)F−1 = L12 ⊗ 1+ 1⊗ L12 + iνL23 ⊗ L23,
where in the last equation we use F(1⊗L12) = (1⊗L12)F since the second leg of the twist is
central. Moreover F(L13⊗1) =
∑∞
n=0
(iν)n
n! L
n+1
13 ⊗Ln23 = (L13⊗1)F and F(L23⊗1) = (L23⊗
1)F show that ∆F(L13) = ∆(L13) and ∆F(L23) = ∆(L23). We have thus proved the claimed
coproducts ∆F(Lij). Next, the latter and the antipode property µ[(SF⊗id)∆F(g)] = (Lij)1 =
0 easily determine the twisted antipode SF(L12) as in (127), and other ones SF(Lij) = S(Lij) =
−Lij Furthermore, since the L23 contained in the second leg of the twist commutes with Lk`
we conclude that Lij ? Lk` = LijLk` and [Lij , Lk`]? = [Lij , Lk`] for all 1 ≤ i < j ≤ 3 and
1 ≤ k < ` ≤ 3. For the same reason one gets for all 1 ≤ i, j, k ≤ 3
xi ? Ljk = x
iLjk, ξ
i ? Ljk = ξ
iLjk, ∂i ? Ljk = ∂iLjk.
On the other hand by (126) we obtain
Lij ? x
k =Lijx
k − iνbij3δk2L23, Lij ? ξk = Lijξk, Lij ? ∂k = Lij∂k,
xi ? xj =xixj − iνbδj2(δi1b+ δi3x1), ∂i ? ∂j = ∂i∂j , ξi ? ξj = ξiξj ,
∂i ? x
j =xj∂i + iνbδi1δ
j
2∂3, x
i ? ∂j = x
i∂j , ξ
i ? ∂j = ξ
i∂j
ξi ? xj =xjξi − iνbδi3δj2ξ1, xi ? ξj = xiξj , ∂i ? ξj = ∂iξj
for all 1 ≤ i, j, k ≤ 3. The commutation relations respectively follow. Furthermore this
means we can express the generators of the Lie algebra in terms of the twisted module action,
namely L12 = x
1∂2 = x
1 ? ∂2, L13 = x
1∂3 + b∂1 = x
1 ? ∂3 + b∂1 and L23 = b∂2, while
fc(x) =
1
2(x
1)2 − bx3 − c = 12x1 ? x1 − bx3 − c, dfc = x1ξ1 − bξ3 = x1 ? ξ1 − bξ3 and
ijkfiLjk = 2(x
1L23 − bL12) = 2(x1 ? L23 − bL12)
hold. Again by (126) L12L23 . x
i = 0, L12L23 . ξ
i = 0, L12L23 . ∂i = 0 for all i = 1, 2, 3, which
implies that the ∗-structure on Q•? remains the same as on Q•Mc : ∗? = ∗.
B.4 (b) Family of elliptic paraboloids
Proof of Proposition 5
Since L13, L23 are commuting anti-Hermitian vector fields F is a unitary abelian twist on Ug.
By a direct calculation one finds β = S(β) = F2S(F1) = exp(−iνL13L23). The commutation
relations (131) also imply F∆(L13) = ∆(L13)F , F∆(L23) = ∆(L23)F , resulting in ∆F(L13) =
∆(L13) and ∆F(L13) = ∆(L13), respectively. Moreover,
Ln13L12 = L12L
n
13 + nL23L
n−1
13 , and L
n
23L12 = L12L
n
23 − naL13Ln−123
for n > 0, which follow by iteratively applying eq.(131). Then
F(L12 ⊗ 1) =
∞∑
n=0
(iν)n
n!
Ln13L12 ⊗ Ln23
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=L12 ⊗ 1+
∞∑
n=1
(iν)n
n!
L12L
n
13 ⊗ Ln23 +
∞∑
n=1
(iν)n
n!
nL23L
n−1
13 ⊗ Ln23
=(L12 ⊗ 1)F + iν(L23 ⊗ L23)F ,
F(1⊗ L12) =1⊗ L12 +
∞∑
n=1
(iν)n
n!
Ln13 ⊗ Ln23L12
=1⊗ L12 +
∞∑
n=1
(iν)n
n!
Ln13 ⊗ L12Ln23 − a
∞∑
n=1
(iν)n
n!
nLn13 ⊗ L13Ln−123
=(1⊗ L12)F − iνa(L13 ⊗ L13)F
imply (134)1. The twisted antipodes (134)2 follow using the properties µ ◦ (SF ⊗ id) ◦∆F =
η ◦  = µ ◦ (id⊗ SF) ◦∆F . The twisted tensor and star products coincide with the untwisted
ones as soon as one of the factors is L13 or L23. This is because the latter commute with both
legs of the twist. Among all star products of generators of g only the one
L12 ? L12 =
∞∑
n=0
(−iν)n
n!
(Ln13 B L12)(Ln23 B L12) = L12L12 + iνaL23L13.
is different. By a similar direct calculation one can prove (135). The latter imply Eq. (136-
137) and that the submanifold constraints coincide with their twisted analogues, namely (138)
holds. The twisted star involutions coincide with the untwisted one since L13L23 B xi =
L13L23 B ξi = L13L23 B ∂i = 0. This concludes the proof of the proposition.
B.5 (c) Family of elliptic cylinders
Proof of Proposition Proposition 16 in [31], see section 4.3
Since [∂3, L12] = 0 and ∂3, L12 are anti-Hermitian, F = exp(iν∂3 ⊗ L12) is a unitary abelian
twist on Ug. As ∂3, L12 commute with both legs of the twist, ∆F(∂3) = ∆(∂3), ∆F(L12) =
∆(L12), SF(∂3) = S(∂3), SF(L12) = S(L12) and all twisted tensor and star products as well as
Lie brackets where one of the factors is ∂3, L12 coincide with the untwisted ones. Furthermore
the star products of xi, ξj , ∂k, L12 coincide with the classical ones unless the first leg of the
twist acts on x3. Consequently, eq. (132)b=0 implies (141) and the equations (142) coincide
with their classical analogues. The twisted star involutions are trivial since ∂3L12 B xi =
∂3L12 B ξi = ∂3L12 B ∂i = 0. This concludes the proof.
B.6 (d) Family of hyperbolic paraboloids
Proof of Proposition 7
The anti-Hermitian vector fields H and E satisfy eq.(150), which implies that F = exp(H/2⊗
log(1+ iνE)) is a unitary Jordanian twist on Ug. We note that
EmH = HEm − 2mEm
for all m > 0, which follows by iteratively applying (150). In particular this implies
log(1+ iνE)H =−
∞∑
m=1
(−iν)m
m
EmH
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=−H
∞∑
m=1
(−iν)m
m
Em + 2
∞∑
m=1
(−iν)m
m
mEm
=H log(1+ iνE) + 2(−iν)E
∞∑
m=1
(−iνE)m−1
=H log(1+ iνE)− 2iνE 1
1+ iνE
,
where we have made use of the expansions
log(1+ iνE) = −
∞∑
m=1
(−iνE)m
m
,
1
1+ iνE
=
∞∑
m=0
(−iνE)m.
Both are well-defined in the ν-adic topology. Applying this result iteratively we obtain
[log(1+ iνE)]nH = H[log(1+ iνE)]n − 2n iνE
1+ iνE
[log(1+ iνE)]n−1
for all n > 0, whence
F(1⊗H) =
∞∑
n=0
1
n!
(
H
2
)n
⊗ [log(1+ iνE)]nH
=
∞∑
n=0
1
n!
(
H
2
)n
⊗H[log(1+ iνE)]n − 2
∞∑
n=1
n
n!
(
H
2
)n
⊗ iνE
1+ iνE
[log(1+ iνE)]n−1
=(1⊗H)F −
(
H ⊗ iνE
1+ iνE
)
F .
This and F(H⊗1) = (H⊗1)F determine ∆F(H) as in (154). For the twisted coproduct of E
we first remark that (
H
2
)n
E = E
(
H
2
+ 1
)n
for all n ≥ 0, which is proven easily by induction. Then
F(E ⊗ 1) =
∞∑
n=0
1
n!
(
H
2
)n
E ⊗ log(1+ iνE)n
=(E ⊗ 1)
∞∑
n=0
1
n!
(
H
2
+ 1
)n
⊗ log(1+ iνE)n
=(E ⊗ 1) exp
((
H
2
+ 1
)
⊗ log(1+ iνE)
)
=(E ⊗ 1) exp
(
1⊗ log(1+ iνE)
)
exp
(
H
2
⊗ log(1+ iνE)
)
=[E ⊗ (1+ iνE)]F .
This and F(1⊗E) = (1⊗E)F determine ∆F(E) as in (154). Similarly one proves
F(E′ ⊗ 1) = (E′ ⊗ 1) exp
(
− 1⊗ log(1+ iνE)
)
exp
(
H
2
⊗ log(1+ iνE)
)
=
(
E′ ⊗ 1
1+ iνE
)
F (193)
46
and F(1⊗E′) = (1⊗E′)F , which determine ∆F(E′) as in (154). Next, it is straightforward
to check that the coproducts ∆F(g), with g = H,E,E
′, and the antipode property µ[(SF ⊗
id)∆F(g)] = (g)1 = 0 determine the twisted antipodes SF(g) as in (154).
To compute the twisted tensor and star products we first make only the first leg F1 of F
to act on its eigenvectors H,E,E′, ui, ∂i (generators of Ug and of Q), and find
F1 . H ⊗F2 = H ⊗ 1
F1 . E ⊗F2 = E ⊗ exp
(
− log(1+ iνE)
)
= E ⊗ (1+ iνE)−1
F1 . E′ ⊗F2 = E′ ⊗ exp
(
log(1+ iνE)
)
= E′ ⊗ (1+ iνE)
F1 . ui ⊗F2 = ui ⊗ exp
(
− λi
2
log(1+ iνE)
)
= ui ⊗ (1+ iνE)−λi2
F1 . ∂i ⊗F2 = ∂i ⊗ exp
(
λi
2
log(1+ iνE)
)
= ∂i ⊗ (1+ iνE)
λi
2
for all ui ∈ {yi, ηi}, 1 ≤ i ≤ 3; note that the exponents ±λi/2 take the values ±1, 0. This
simplifies the computation of the action of the second leg F2 on the second factor; using (150)
and (153) and noting that only the terms of degree lower than two in the power expansion of
1/(1 + iνE) contribute to its action on the H,E,E′, ui, ∂i, by a direct computation one thus
finds the star products (155-157). In particular the twisted tensor and star products are trivial
if H,u3 or ∂˜3 appears in the first factor. The twisted commutation relations (158)-(159) and
the twisted submanifold constraints (160) follow. For the twisted star involution note that
S(β)B yi =
∞∑
n=0
1
n!
[log(1+ iνE)]n
(
− H
2
)n
B yi = (1+ iνE)−
λi
2 B yi = yi + iν2bδi2
S(β)B ∂˜i =
∞∑
n=0
1
n!
[log(1+ iνE)]n
(
− H
2
)n
B ∂˜i = (1+ iνE)
λi
2 B ∂˜i = ∂˜i − iνδi1∂˜3,
since E B yi = δi3y1 + 2bδi2 and λ3 = 0, λ2 = −1, while E B ∂˜i = −δi1∂˜3, and λ1 = 1.
B.7 (d-e-f) Elliptic cone and hyperboloids
B.7.1 Proof of Proposition 17 in [31], see section4.6
From the anti-Hermiticity of the vector fields H,E and from [H,E] = 2E it follows that
F = exp(H/2⊗ log(1+ iνE)) is a unitary Jordanian twist on Ug and that the coproducts and
antipodes of H,E are exactly as in case (d). Similarly, (193) holds, because it is only based
on the relation [H,E′] = −2E′.
To compute ∆F(E
′) we first compute F(1⊗E′). We use [H,E] = 2E, EE′ = E′E −H,
and find by induction first that EnH = (H − 2n)En, then
EnE′ =En−1E′E − En−1H = En−2E′E2 − En−2HE − En−1H
= . . .
=E′En −HEn−1 − EHEn−2 − . . .− En−2HE − En−1H
=E′En + [−nH + 2(1 + 2 + . . .+ n− 1)]En−1
=E′En − nHEn−1 + n(n− 1)En−1
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for all n ≥ 0, by the “little Gauss” ∑n−1h=1 h = n2−n2 . Consequently, using the series expansions
log(1+iνE) = −
∞∑
n=1
(−iνE)n
n
,
1
1+iνE
=
∞∑
n=0
(−iνE)n, 1
(1+iνE)2
=
∞∑
n=1
n(−iνE)n−1,
we obtain
log(1+ iνE)H = −
∞∑
n=1
(−iνE)n
n
H = −
∞∑
n=1
(H − 2n)(−iνE)
n
n
= H log(1+ iνE)− 2iνE
1 + iνE
,
log(1+ iνE)E′ = −
∞∑
n=1
(−iν)n
n
EnE′
= −E′
∞∑
n=1
(−iν)n
n
En − iνH
∞∑
n=1
(−iνE)n−1 + iν
∞∑
n=2
(n−1)(−iνE)n−1
= E′ log(1+ iνE) +
ν2E
(1+ iνE)2
−H iν
1+ iνE
,
and in turn
[log(1+ iνE)]nH =[log(1+ iνE)]n−1H log(1+ iνE)− 2iνE
1+ iνE
[log(1+ iνE)]n−1
= . . . = H[log(1+ iνE)]n − 2n iνE
1+ iνE
[log(1+ iνE)]n−1,
[log(1+ iνE)]nE′ = [log(1+ iνE)]n−1
{
E′ log(1+ iνE) +
ν2E
(1+ iνE)2
−H iν
1+ iνE
}
= [log(1+ iνE)]n−1E′ log(1+ iνE) +
ν2E[log(1+ iνE)]n−1
(1+ iνE)2
− iνH [log(1+ iνE)]
n−1
1+ iνE
− 2(n− 1) ν
2E
(1+ iνE)2
[log(1+ iνE)]n−2
= . . .
= E′ log(1+ iνE)]n + n
ν2E[log(1+ iνE)]n−1
(1+ iνE)2
− niνH [log(1+ iνE)]
n−1
1+ iνE
− 2[(n− 1) + (n− 2) + · · ·+ 1]ν
2E[log(1+ iνE)]n−2
(1+ iνE)2
= E′ log(1+iνE)]n + n
[
ν2E
1+iνE
−iνH
]
[log(1+iνE)]n−1
1+iνE
− n(n− 1)ν
2E[log(1+iνE)]n−2
(1+iνE)2
.
Hence
F(1⊗ E′) =
∞∑
n=0
1
n!
(
H
2
)n
⊗ [log(1+ iνE)]nE′
=
∞∑
n=0
1
n!
(
H
2
)n
⊗
{
E′ log(1+iνE)]n + n
[
ν2E
1+iνE
−iνH
]
[log(1+iνE)]n−1
1+iνE
−n(n− 1)ν
2E log(1+iνE)]n−2
(1+iνE)2
}
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={
1⊗E′ + H
2
⊗
[
ν2E
1+iνE
−iνH
]
1
1+iνE
−
(
H
2
)2
⊗ ν
2E
(1+iνE)2
}
F .
On the other hand, using
(
H
2
)n
E′ = E′
(
H
2 − 1
)n
we obtain
F(E′ ⊗ 1) =
∞∑
n=0
1
n!
(
H
2
)n
E′ ⊗ [log(1+ iνE)]n =
∞∑
n=0
1
n!
E′
(
H
2
− 1
)n
⊗ [log(1+ iνE)]n
= (E′ ⊗ 1) exp
[(
H
2
− 1
)
⊗ log(1+ iνE)
]
=
(
E′ ⊗ 1
1+iνE
)
F .
Summing the last two equations we find that ∆F(E
′) is as in (168). The antipode SF(E′)
follows from the antipode property µ[(SF ⊗ id)∆F(E′)] = 0.
To compute the twisted tensor and star products we first make only the first leg F1 of F
to act on its eigenvectors H,E,E′, ui (generators of Ug and of Q), and find
F1 . H ⊗F2 = H ⊗ 1
F1 . E ⊗F2 = E ⊗ exp [− log(1+ iνE)] = E ⊗ (1+ iνE)−1
F1 . E′ ⊗F2 = E′ ⊗ exp [log(1+ iνE)] = E′ ⊗ (1+ iνE)
F1 . ui ⊗F2 = ui ⊗ exp
[
−λi2 log(1+ iνE)
]
= ui ⊗ (1+ iνE)−λi2
=

u1 ⊗ (1+ iνE)−1 if i = 1
u2 ⊗ 1 if i = 2
u3 ⊗ (1+ iνE) if i = 3
(194)
where ui ∈ {yi, ηi, ∂˜i}, 1 ≤ i ≤ 3; note that the exponents ±λi/2 take the values ±1, 0. By the
first relation the twisted tensor or star products are trivial if H or some u2 is the first factor.
The following two imply (170). Moreover, for all ui, vi ∈ {yi, ηi, ∂˜i}, we find
ui ? vj =

u1
(
1−iνE−ν2E2)B vj
u2vj
u3(1+ iνE)B vj
=

u1
[
vj−iν
(
δj2√
a
v1−2δj3
√
av2
)
+2ν2δj3v
1
]
if i = 1,
u2vj if i = 2,
u3
[
vj+iν
(
δj2
1√
a
v1−2δj3
√
av2
)]
if i = 3.
By explicit calculations these imply relations (171-176), as well as (177), once one notes that
2√
ab
εijkfiLjk = y
3E−y1E′−√ay2H = y3?E−y1?E′−√a y2?H+iνy1?H−2iν(1+iν)y1?E.
To determine ui∗? = S(β)B ui∗ recall that β = F1S(F2). Then
S(β)B ui =(F2S(F1))B ui =
( ∞∑
n=0
1
n!
log(1+ iνE)n
(
− H
2
)n)
B ui
=
( ∞∑
n=0
1
n!
log(1+ iνE)n
(
− λi
2
)n)
B ui = (1+ iνE)−
λi
2 B ui
=

∑∞
n=0(−iνE)n B u1
u2
(1+ iνE)B u3
=

u1 if i = 1,
u2 if i = 2,
u3 − 2iν√au2 if i = 3.
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B.7.2 Metric and principal curvatures on the circular hyperboloids and cone
One can easily check the statements of the first paragraph of section 4.6.1 using e.g. the basis
S := {v1, v2, v3} of Ξ, where
v1 := L12, v2 := ρ
2∂3 + x
3(x1∂1+x
2∂2), v3 := V⊥ = fjη
ji∂i = x
i∂i; (195)
we have abbreviated ρ2 ≡ (x1)2+(x2)2. S is orthogonal with respect to g, while St := {v1, v2}
is an orthogonal basis of Ξt with respect to gt, since, by an easy computation,
g(vi, vj) =

ρ2 if i = j = 1,
−Eρ2 if i = j = 2,
E if i = j = 3,
0 otherwise,
(196)
where E(x) ≡ f i(x)fi(x) = xixi. Since E = 2c on Mc, Mc is indeed Riemannian if c < 0,
Lorentzian if c > 0, whereas the metric induced on the cone M0 is degenerate. One can easily
check (178), (179) on such a St by explicit computations. The dual basis consists of
ϑ1 =
1
ρ2
(x1ξ2 − x2ξ1), ϑ2 = 1
Eρ2
[x3(x1ξ1 + x2ξ2)− ρ2ξ3], ϑ3 = 1
E
df. (197)
The principal curvatures on Mc are indeed −sign(c)/
√|2c|, 1/√|2c|, because in the ‘orthonor-
mal’ basis S := {e1, e2, e3}, with e1 := 1ρv1, e2 := 1ρ√|E|v2, e3 := N⊥ =
1√
|E|V⊥, one finds
g(ei, ej) =

1 if i = j = 1,
−sign(E) if i = j = 2,
sign(E) if i = j = 3,
0 otherwise,
II(eα, eβ) = −sign(E)√|E| g(eα, eβ)e3. (198)
On H,E,E′ the metric gives
g(E,E) = (y1)2, g(E′, E′) = (y3)2, g(H,H) = −8y1y3,
g(E,E′) = E + (y2)2 g(E,H) = −2y1y2, g(E′, H) = −2y2y3,
(199)
and the same results in the last line if we flip the arguments. To prove (182) we use (76), (60),
(194), the X -linearity of g. To prove (180) we use (76), (194). The undeformed version of
(181) follows from (179) by X -linearity. We prove (181) using (76), (23), the definition of R:
RFt?(X,Y, Z) = Rt
(F1 . X,F2 . Y,F3 . Z) = (A−B)/2c, where
A :=
(F2 . Y )g(F1 . X,F3 . Z) = (F1(2)F ′2 . Y )g(F1(1)F ′1 . X,F2 . Z)
=
(
F1(1)F ′′1F ′′′1 F ′2 . Y
)
g
(
F1(2)F ′′2F ′′′2 F ′1 . X,F2 . Z
)
=
(
F1F ′′′1 F ′2 . Y
)
g
(
F2(1)F ′′1F ′′′2 F ′1 . X,F2(2)F ′′2 . Z
)
=
(F1R1 . Y )g(F2(1)F1R2 . X,F2(2)F ′′2 . Z) = (F1R1 . Y )F2 . g(F1R2 . X,F ′′2 . Z)
=
(R1 . Y ) ? gt?(R2 . X,Z)
B :=
(F1 . X)g(F2 . Y,F3 . Z) = (F1 . X)g(F2(1)F ′1 . Y,F2(2)F ′2 . Z)
=
(F1 . X)F2 . g(F ′1 . Y,F ′2 . Z) = X ? gt?(Y,Z)
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To prove (183) we note that classically∇ is the Levi-Civita covariant derivative∇Xi∂i(Y i∂i) =
Xi∂i(Y
j)∂j and F(.⊗.)(H⊗X) = H⊗X, F(.⊗.)(X⊗E) = X⊗E for all X ∈ Ξ, while by
(194), (163) F(.⊗.)(E⊗H) = E⊗H+2iνE⊗E, F(.⊗.)(E⊗E′) = E⊗E′+ iνE⊗H−2ν2E⊗E,
F(.⊗.)(E′⊗H) = E′⊗H − 2iνE′⊗E and F(.⊗.)(E′⊗E′) = E′⊗E′ − iνE′⊗H.
B.7.3 Proof of Proposition 10
[D, g] = 0 implies F(g⊗1) = (g⊗1)F for all g ∈ g. Moreover, since F(1⊗H) = (1⊗H)F ,
F(1⊗D) = (1⊗D)F , it follows in particular that ∆F(H) = ∆(H), SF(H) = S(H) = −H,
∆F(D) = ∆(D), SF(D) = S(D) = −D. On the other hand, HE = E(H+2), HE′ = E′(H−2)
imply that
F(1⊗E) = exp(iνD ⊗H/2)(1⊗E) = (1⊗E) exp[iνD ⊗ (H/2 + 1)] = (eiνD⊗E)F ,
F(1⊗E′) = exp(iνD ⊗H/2)(1⊗E′) = (1⊗E′) exp[iνD ⊗ (H/2− 1)] = (e−iνD⊗E′)F ,
which together with F(g⊗1) = (g⊗1)F and µ[(SF ⊗ id)∆F(g)] = 0 for g = E,E′ imply (185).
[D, g] = 0 also implies F1 B g ⊗ F2 = g ⊗ 1 for all g ∈ g, whence g ? α = gα for all
α ∈ Ug,Q, in particular for the α appearing in the formulas of the proposition. DB ∂˜i = −∂˜i,
DBui = ui for ui = yi, ηi imply F1B ∂˜i⊗F2 = ∂˜i⊗eiνH/2, F1Bui⊗F2 = ui⊗e−iνH/2, whence
∂˜i ? α = ∂˜i(e
iνH/2 B α), ui ? α = ui(e−iνH/2 B α). Since D,H,E,E′ and yi, ηi, ∂˜i (generators
of Q) are all eigenvectors of HB, choosing α as each of them generators we immediately find
the remaining formulae in (186-187). One finds the involution ∗? using the following results:
S(β) = F2S(F1) =
∞∑
n=0
(−iνH)n
2
Dn
n!
= e−
i
2
νHD ⇒
S(β)B ui = e− i2νH B ui = e−iνµiui, S(β)B ∂˜i = e
i
2
νH B ∂˜i = e−iνµi ∂˜i.
The commutation relations (188), the realization of D,H,E,E′ as combinations of yi ? ∂˜i, and
the relations (189) characterizing QMc? follow from (186-187) by direct computations.
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